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INVARIANTS FOR AN S' 1 -EQUIVARIANT PAIR 
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Abstract. Let (X, ui) be a symplectic manifold, J be an u-tame almost com- 
plex structure, and L be a Lagrangian submanifold. The stable compactifi- 
cation of the moduli space of parametrized J-holomorphic curves in X with 
boundary in L (with prescribed topological data) is compact and Hausdorff in 
Gromov's C°°-topology. We construct a Kuranishi structure with corners in 
the sense of Fukaya and Ono. This Kuranishi structure is orientable if L is 
spin. In the special case where the expected dimension of the moduli space is 
zero, and there is an S action on the pair (X, L) which preserves J and acts 
freely on L, we define the Euler number for this S 1 equivariant pair and the 
prescribed topological data. We conjecture that this rational number is the 
one computed by localization techniques using the given S 1 action. 
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1. Introduction 

1.1. Background. String theorists have been making predictions on enumerative 
invariants using dualities. One of the most famous examples is the astonishing 
predictions of the number of rational curves in a quintic threefold in |CdGP| . To 
understand these predictions, mathematicians first developed Gromov-Witten the- 
ory to give the numerical invariants a rigorous mathematical definition so that 
these predictions could be formulated as mathematical statements, and then tried 
to prove these statements. The predictions in [CdGPj are proven in |Gil ILLY] , 

Recently, string theorists have produced enumerative predictions about holomor- 
phic curves with Lagrangian boundary conditions by studying dualities involving 
open strings jOVI ILMVl IAVI IAKVI IMV) . Moreover, assuming the existence of a 
virtual fundamental cycle and the validity of localization formulas, mathematicians 
have carried out computations which coincide with these predictions |KL1 IG^) . In 
certain cases, these numbers can be reproduced by considering relative morphisms 
|LS| . It is desirable to give a rigorous mathematical definition of these enumera- 
tive invariants, so that we may formulate physicists' predictions as mathematical 
theorems, and then try to prove these theorems. 

Gromov-Witten invariants count J-holomorphic maps from a Riemann surface 
to a fixed symplectic manifold [X, oS) together with an w-tame almost complex 
structure J. These numbers can be viewed as intersection numbers on the moduli 
space of such maps. We want the moduli space to be compact without boundary 
and oriented so that there exists a fundamental cycle which allows us to do inter- 
section theory. The moduli space of J-holomorphic maps can be compactified by 
adding "stable maps" , whose domain is a Riemann surface which might have nodal 
singularities. The stable compactification is compact and Hausdorff in the C°° 
topology defined by Gromov |Gr| . The moduli space is essentially almost complex, 
so it has a natural orientation. In general, the moduli space is not of the expected 
dimension and has bad singularities, but there exists a "virtual fundamental cycle" 
which plays the role of fundamental cycles |LtT1 ITTFl IfOI ILT21 ISieT] . These are 
now well-established in Gromov-Witten theory. 

The "open Gromov-Witten invariants" that I want to establish shall count J- 
holomorphic maps from a bordered Riemann surface to a symplectic manifold X 
as above such that the image of the boundary lies in a Lagrangian submanifold 
L oi X. To compactify the moduli space of such maps, Sheldon Katz and I KL 
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introduced stable maps in this context. The stable compactification is compact and 
Hausdorff in the C°° topology, as in the ordinary Gromov-Witten theory. However, 
orientation is a nontrivial issue in the open Gromov-Witten theory. Moreover, the 
boundary is of real codimension one, so the compactified moduli space does not 
"close up" as in the ordinary Gromov-Witten theory, and the best we can expect 
is a fundamental "chain" . 

A fundamental "chain" is not satisfactory for intersection theory. For example, 
the Euler characteristic of a compact oriented manifold without boundary can be 
defined as the number of zeros of a generic vector field, counted with signs deter- 
mined by the orientation. This number is independent of the choice of the vector 
field, and thus well-defined. For a compact oriented manifold with boundary, one 
can still count the number of zeros of a generic vector field with signs determined 
by the orientation, but the number will depend on the choice of the vector field. 
Therefore, we need to specify extra boundary conditions to get a well-defined num- 
ber. 

1.2. Main results. Let (X,w) be a symplectic manifold of dimension 27V, and L 
be a Lagrangian submanifold. To compactify the moduli space of parametrized 
J-holomorphic curves in X with boundary in L, Gromov introduced cusp curves 
with boundary |Gr| . which I will call prestable maps. A prestable map to (X,L) 
is a continuous map / : (E,<9E) — > (X,L) such that for: (£, d£) — > (X,L) is 
J-holomorphic, where E is a prestable (i.e., smooth or nodal) bordered Riemann 
surface, and r : £ — * £ is the normalization map jKLI Definition 3.6.2]. 

A smooth bordered Riemann surface £ is of type (g, h) if it is topologically a 
sphere with g handles and h holes. The boundary of E consists of h disjoint cir- 
cles B 1 , . . . , B h . We say E has (n, rh) marked points if there are n distinct marked 
points in its interior and m* distinct marked points on B l , where to = (to 1 , . . . , to' 1 ), 
m l > 0. By allowing nodal singularities, we have the notion of a prestable Riemann 
surface of type (g, h) with (n, rh) marked points and an ordering B 1 , . . . , B h of the 
boundary components. An isomorphism between two such prestable bordered Rie- 
mann surfaces is an isomorphism of prestable bordered Riemann surfaces which 
preserves the marked points and ordering of boundary components. An isomor- 
phism between two prestable maps / : E — > X and /' : E' — > X is an isomorphism 
(f> : E — * E' in the above sense such that / = /' o <f>. A prestable map is stable if 
its automorphism group is finite. This is the analogue of Kontsevich's stable maps 
|Ko| in the ordinary Gromov-Witten theory. 

For e H 2 (X, L; Z), 7 = (7 1 , . . . , j h ) € H\L; Z)®'\ and (i G Z, define 

M(gJi),(n,,n)(X,L | /?, 7, (ji) 

to be the moduli space of isomorphism classes of stable maps / : (E, 9E) — > 
(X, L), where E is a prestable bordered Riemann surface of type {g, h) with (n, rh) 
marked points and an ordering B 1 , . . . , B h of the boundary components, /* [E] = /?, 
= 7% i = 1, . . . , h, and n(J*T x , (fU)*T L ) = fx. Here Li(f*T x , ((fU)*T L ) 
is the Maslov index defined in |KL1 Definition 3.3.7]. 

Theorem 1.1. Mig t f l )j n< -ffi)(X 1 L \ /3,7,/x) is compact and Hausdorff in the C°° 
topology. 

Here the C°° topology is the one defined by Gromov's weak convergence |Grj . 
The stability condition is necessary for Hausdorff ness. The compactness follows 
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from |Grl IYe| . which will be explained in Section l5"3l I do not claim any originality 
for Thcorcm ll.il 

The boundary of the moduli space corresponds to degeneration of the domain or 
blowup of the map. An interior node corresponds to a (real) codimension 2 stratum, 
while a boundary node corresponds to a codimension 1 stratum. Blowup of the map 
at an interior point leads to the well-known phenomenon of bubbling off of spheres 
which is codimension 2, while blowup at a boundary point leads to bubbling off of 
discs which is codimension 1. The intersection of two or more codimension 1 strata 
forms a corner. It is shown in Section that 

Theorem 1.2. Mr g ! h),(n,m) (A, L \ 0,^,1^) has a Kuranishi structure with corners 
of (real) virtual dimension fi + (N — 3) (2 — 2g — h) + 2n + m 1 + • • • + m h , where 2N 
is the (real) dimension of X . The Kuranishi structure is orientable if L is spin or 
if h = 1 and L is relatively spin (i.e., L is orientable and W2{Tl) = <x\l for some 
aeH 2 {X,Z 2 )). 

The case for the disc with only boundary marked points (g = n = 0, h = 1) is 
proven in FO3 . I will describe briefly what a Kuranishi structure with corners is 
and refer to Section lHTTl for the complete definition. A chart of a Kuranishi structure 
with corners is a 5-uple (V, E, T, tp, s), where V is a smooth manifold (possibly with 
corners), Y is a finite group acting on V , E is a T-equivariant vector bundle over V, 
s : V — » E is a T-equivariant section, and ip maps s _1 (0)/r homeomorphically to 
an open set of the moduli. The dimension of V, rank of E, and the finite group Y 
might vary with charts, but d = dim V — rankE is fixed and is the virtual dimension 
of the Kuranishi structure with corners. det(TV) ® (det E)" 1 can be glued to an 
orbibundle, the orientation bundle, and the Kuranishi structure with corners is 
orientable if its orientation bundle is a trivial real line bundle. 

If s intersects the zero section transversally, s _1 (0) is a manifold (possibly with 
corners) of dimension d. In general, s _1 (0) might have dimension larger than d 
and bad singularities due to the nontransversality of s. The virtual fundamental 
chain can be constructed by perturbing s to a transversal section. Locally it is a 
singular chain with rational coefficients in V/Y which is a rational combination of 
the images of d-dimensional submanifolds of V. 

A virtual fundamental chain is not satisfactory for intersection theory. For ex- 
ample, when A is a Calabi-Yau threefold and L is a special Lagrangian submani- 
fold, M( g m (q gj (A, L I (3, 7, jj) is empty for /z 7^ 0, and the expected dimension of 
M, h -, ( jj) (A, L I (3, 7, 0) is zero for any <?, h, (3, 7. The virtual fundamental chain 
is a zero chain with rational coefficients, and we would like to define the invariant 
X(g,h) (A, L I (3, 7, n) G Q to be the degree of this zero chain. However, this number 
depends on the perturbation, so we need to impose extra boundary conditions to 
obtain a well-defined number. Now assume that 

• There is an S 1 action g : S 1 x A — > A which preserves J and L. 

• The restriction of g to L is free. 

• The virtual dimension of M, g h ^ ^ Q (A, L \ f3, 7, fi) is zero. 

Under the above assumptions I can, using the S 1 action g, impose boundary con- 
ditions to get a well-defined rational number 
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which is an invariant of the equivariant pair (X,L,g), but not an invariant of 
the pair (X,L). I conjecture that these rational numbers are the ones computed 
by localization techniques using the S 1 action g KL1 IGZ| , The computations in 
jKLI ILSMGZj coincide with physicists' predictions. 
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Chicn-Hao Liu for his meticulous proofreading. I thank Spiro Karigiannis for his 
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Selman Akbulut, Raoul Bott, Kevin Costello, Yong Fu, Kenji Fukaya, Tom Graber, 
Irwin Kra, Kefeng Liu, Curtis McMullen, Maryam Mirzakhani, Yong-Geun Oh, 
Kaoru Ono, Scott Wolpert, and Eric Zaslow for helpful conversations. Finally, 
special thanks go to Ezra Getzler for corrections and refinements of the part on 
moduli spaces of bordered Riemann surfaces. 

2. Surfaces with Analytic or Dianalytic Structures 

In this section, we review some definitions and facts of surfaces with analytic or 
dianalytic structures, following |AGI Chapter 1] closely. This section is an expansion 
of Section 3.1 and 3.2 of [KL], 

The marked bordered Riemann surfaces defined in Section 12.2.51 are directly re- 
lated to open Gromov-Witten theory. 

2.1. Analyticity and dianalyticity. 

Definition 2.1. Let A be a nonempty open subset of C, f : A — > C a map. f is 
analytic on A if 1-4 = 0, and antianalytic on A if ^ = 0. / is said to be dianalytic 
if its restriction to each component of A is either analytic of antianalytic. 

Definition 2.2. Let A and B be nonempty subsets of C + = {z 6 C | Imz > 0}. A 

continuous function f : A — > B is analytic (resp. antianalytic on A if it extends 
to an analytic (resp. antianalyticj function fc : U — > C, where U is an open 
neighborhood of A in C. f is said to be dianalytic on A if its restriction to each 
component of A is either analytic or antianalytic. 

Theorem 2.3 (Schwarz reflection principle). Let A and B be nonempty subsets 
of C + = {z S C | Imz > 0}. A continuous function f : A — > B is dianalytic 
(resp. analytic) if it is dianalytic (resp. analytic) on the interior of A and satisfies 

f(A ni)ci. 

Definition 2.4. A surface is a Hausdorff, connected, topological space £ together 
with a family A = {(Ui,4>i) \ i £ 1} such that {Ui \ i € /} is an open covering of 
S and each map 4>i ■ Ui — > Ai is a homeomorphism onto an open subset Ai of C + . 
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A is called a topological atlas on £ } and each pair (Ui,(j)i) is called a chart of A. 
The boundary of £ is the set 

dE = {x e £ | 3i E I s.t. x € Ui,</>i(x) E K} 

4>ij = 4>i o 0T 1 : cj)j[Ui n E/j) — > 4>i{Ui n fTj) are surjective homeomorphisms, called 
the transition functions of A. A is called a dianalytic (resp. analytic,) atlas if all 
its transition functions are dianalytic (resp. analytic). 

2.2. Various categories of surfaces. 

2.2.1. Riemann surfaces. 

Definition 2.5. A Riemann surface is a surface equipped with the analytic structure 
induced by an analytic atlas on it. 

A Riemann surface is canonically oriented by its analytic structure. 

2.2.2. Symmetric Riemann surfaces. 

Definition 2.6. A symmetric Riemann surface is a Riemann surface £ together 
with an antiholomorphic involution a : £ — * £. a is called the symmetry of £. 

Definition 2.7. A morphism between symmetric Riemann surfaces (£, a) and 
(£', a') is an analytic map f : £ — » S' smc/i i/iai / o c = a' o /. 

Definition 2.8. j4 symmetric Riemann surface with (n, m) marked points is a sj/m- 
metric Riemann surface (S, cr) together with 2n + m distinct points Pi, ■ ■ ■ ,P2n+m i n 
S smc/i </iat cr(pj) = /or i = 1, . . . ,n and <j(pi) — Pi for i = 2n+ 1, . . . , 2n-\-m. 

2.2.3. Klein surfaces. 

Definition 2.9. A Klein surface is a surface equipped with the dianalytic structure 
induced by a dianalytic atlas on it. 

A Riemann surface can be viewed as a Klein surface. A Klein surface can be 
equipped with an analytic structure compatible with the dianalytic structure if and 
only if it is orientable. In particular, an orientable Klein surface without boundary 
admits a compatible structure of a Riemann surface. 

Definition 2.10. A morphism between Klein surfaces S and £' is a continu- 
ous map f : (£,<9£) — > (£',<9£') such that for any x € £ there exist analytic 
charts (U,(f>) and (V,i/)) about x and f(x) respectively, and an analytic function 
F : <f>(U) — > C such that the following diagram commutes: 

U — f —> V 

<t>(U) — ^— C 
where &(x + iy) = x + z|j/| is £/ie folding map 

Given a Klein surface E, there are three ways to construct an unramified double 
cover of E. We refer to |AG1 1.6] for the precise definition of an unramified double 
cover and detailed constructions. The complex double Ec is an orientable Klein 
surface without boundary. The orienting double Eo is an orientable Klein surface. 
It is disconnected if and only if E is orientable, and it has nonempty boundary if 
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and only of E does. The Schottkey double Es is a Klein surface without boundary. 
It is disconnected if and only if the boundary of E is empty, and it is nonorientable 
if and only if £ is. 

If E is orientable, then Ec = Es, and Eo is disconnected (the trivial double 
cover). If <9£ = <f>, then Ec = Eo, and Es is disconnected. In particular, if E 
comes from a Riemann surface, then all three covers are the trivial disconnected 
double cover. 

Example 2.11. Let E be a Mobius strip. Then Ec is a torus, Eg is a Klein bottle, 
and Eo is an annulus. 

2.2.4. Bordered Riemann surfaces. 

Definition 2.12. A bordered Riemann surface is a compact surface with nonempty 
boundary equipped with the analytic structure induced by an analytic atlas on it. 

Remark 2.13. A bordered Riemann surface is canonically oriented by the analytic 
(complex) structure. In the rest of this paper, the boundary circles B l of a bordered 
Riemann surface E with boundary <9E = B 1 U . . . U B h will always be given the 
orientation induced by the complex structure, which is a choice of tangent vector to 
B l such that the basis (the tangent vector of B % , inner normal) for the real tangent 
space is consistent with the orientation of E induced by the complex structure. 

Definition 2.14. A morphism between bordered Riemann surfaces E and E' is 
a continuous map f : (E, <9£) — > (E', <9E') such that for any x € E there exist 
analytic charts (U,(f>) and (V,^>) about x and f(x) respectively, and an analytic 
function F : 4>(U) — > C such that the following diagram commutes: 

U — ^— > V 
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A bordered Riemann surface is topologically a sphere with g > handles and 
with h > discs removed. Such a bordered Riemann surface is said to be of type 

(g,h). 

A bordered Riemann surface can be viewed as a Klein surface. Its complex 
double and Schottkey double coincide since it is orientable. 

2.2.5. Marked bordered Riemann surfaces. The following refinement of an earlier 
definition is suggested to the author by Ezra Getzler. 

Definition 2.15. Let h be a positive integer, g,n be nonnegative integers, and rh = 
(to 1 , . . . ,m h ) be an h-uple of nonnegative integers. A marked bordered Riemann 
surface of type (g, h) with (n,rh) marked points is an (h + 3)-uple 

(E,B;p;q 1 ,...,q' 1 ) 

whose components are described as follows. 

• E is a bordered Riemann surface of type (g,h). 

• B = (B 1 , . . . , B h ), where B 1 , . . . , B h are connected components of dYj, ori- 
ented as in Remark \2.13[ 

• p = (px; ■ ■ ■ ,Pn) is an n-uple of distinct points in E°. 

• Q 1 = ■ ■ ■ j <7„i) "is an m l -uple of distinct points on the circle B l . 



8 



Let = (0, . . . , 0). Note that a marked bordered Riemann surface of type (g, h) 
with (n, 0) marked points is a bordered Riemann surface togther with an ordering 
of the h boundary components. 

Definition 2.16. A morphism between marked bordered Riemann surfaces of type 
(<7, h) with (n, m) marked points 

(E, B:p:q q' 1 ) - (E', B'; p'; (q')\ . . . , (q')' 1 ) 

is an isomorphism of bordered Riemann surface f : S — > E' suc/i t/ia£ f(B l ) = (B 1 ) 1 
fori = l,...,h, f(pj) = /or j = 1, ... , ra, and /(ajQ = (a/)| /or A; = 1, ... , m\ 

Remark 2.17. TTie category of marked bordered Riemann surfaces of type (g,h) 
with (n, m) marked points is a groupoid since every morphism in Definition \2. 16\ is 
an isomorphism. 

2.3. Topological types of compact symmetric Riemann surfaces. A com- 
pact symmetric Riemann surface is topologically a compact orientable surface with- 
out boundary E together with an orientation reversing involution a, which is clas- 
sified by the following three invariants: 

(1) The genus g of E. 

(2) The number h = h(a) of connected components of E"", the fixed locus of a. 

(3) The index of orientability, k = k(a) = 2— the number of connected compo- 
nents of E\E CT . 

These invariants satisfy: 

(1) 0< h< 5+1. 

(2) For k = 0, h > and h = g+l (mod 2). 

(3) For k = 1, < h < g. 

The above classification was realized already by Felix Klein (see e.g. |K1| . | We| . 
|Sej). This classification is probably better understood in terms of the quotient 
Q(E) = E/(cr), where (a) — {id, a} is the group generated by a. The quotient 
Q(E) is orientable if k = and nonorientable if k — 1, hence the name "index 
of orientability" . Furthermore, h is the number of connected components of the 
boundary of Q(E). If Q(E) is orientable, then it is topologically a sphere with 
g > handles and with /i > discs removed, and the invariants of (E, <r) are 
(g,h,k) — (2g + h — l,h,0). If Q(E) is nonorientable, then it is topologically a 
sphere with g > crosscaps and with h > discs removed, and the invariants of E 
are (g, h, k) = (g + h — 1, /i, 1). 

From the above classification we see that symmetric Riemann surfaces of a given 
genus g fall into [ 9 t ] topological types. 

3. Deformation theory of Bordered Riemann Surfaces 

In this section, we study deformation theory of bordered Riemann surfaces. We 
refer to |KL1 Section 3] for some preliminaries such as doubling constructions and 
the Riemann- Roch theorem for bordered Riemann surfaces. 

3.1. Deformation theory of smooth bordered Riemann surfaces. Let E be 

a bordered Riemann surface, (Ec, er) be its complex double (see e.g. |KL1 Section 
3.3.1] for the definition). Analytically, (Ec, cr) is a compact symmetric Riemann 
surface. Algebraically, it is a smooth complex algebraic curve X which is the 
complexification of some smooth real algebraic curve Xq, i.e., X = Xq Xr C (see 
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Ha, Chapter II, Exercise 4.7]). Alternatively, (X,S) is a complex algebraic curve 
with a real structure (see [Sill 1.1]), where S is a semi-linear automorphism in the 
sense of |Hal Chapter II, Exercise 4.7] which induces the antiholomorphic involution 
a on Ec. 

3.1.1. Algebraic approach. First order deformations of the complex algebraic curve 
X is canonically identified with the complex vector space Ext^ x (fix , Ox ) , where 
fix is the sheaf of Kahler differentials on X. The obstruction lies in Ext^j (fix , Ox ) = 
0. Similarly, the first order deformation of the real algebraic curve Xq is identified 
with the real vector space Fixt 0x (fix , Ox ), an d the obstruction vanishes. We 
have 

Ext^ x (fi x , Ox ) = Ext^ XQ {<n Xo , O xo ) ®k C 
since X = X x rC. The semi-linear automorphism S induces a complex conjugation 
S : ExtJ, x (fi x , Ox ) -» Ext^ x (fix , Ox ) ■ 

The fixed locus Ext 1 0x (n x ,O x ) s gives the first order deformation of (X, S) as 
a complex algebraic curve with a real structure, and is naturally isomorphic to 
Ext^ Xo (fix ,Oxo). 

More explicitly, X can be covered by complex affine curves which is a complete 
intersection of hypersurfaces defined by polynomials with real coefficients. Defor- 
mation of X are given by varying the coeffients (in C) . Deformation of (X, S) is 
given by varying the coefHents in R. The above polynomials with real coefficients 
also define the real algebraic curve Xo, and varying the coefficnts in R gives the de- 
formation of Xq. The complex conjugation of coefficients corresponds to the above 
complex conjugation S on Ext^ x (fix, Ox)- 

X is a smooth algebraic variety, so Ext^ x (fix , Ox ) is isomorphic to the sheaf 
cohomology group i? 1 (X, 9x), where 9x is the tangent sheaf of X, and 

Ext^ x (fix , Ox) = H 2 (X, 9x) = 0. 

Similarly, we have 

Extk Xo (fix o ,0x o ) = H^X^Xo), Ext 2 0xo (n Xo ,0 Xo ) = H 2 {X,Q Xo ) = 0. 
We now return to the original bordered Riemann surface S. 

Definition 3.1. Let C>s be the sheaf of local holomorphic functions on E with real 
boundary values. 

Let fis be a sheaf of O ^-modules, together with an R derivation d : C>s — > fis, 
which satisfy the following universal property: for any sheaf of O ^-modules T , and 
for any R derivation d' : 0s — > T , there exists a unique O^-module homomorphism 
f : fis — > T such that d' = f°d. We call fis the sheaf of Kahler differentials on E. 

Let 9s = TComo-s (fis, 0s) = fis> the dual of fis in the category of sheaves of 
O^-modules. 

Note that fis and 9s are locally free sheaves of Os-modules of rank 1. Analyt- 
ically, fis is the sheaf of local holomorphic 1-forms on E whose restriction to 9E 
are real 1-forms, and 9s is the sheaf of holomorphic vector fields with boundary 
values in T^s- There are natural isomorphisms 

Ext^ E (fi s , Os) = Ext j,^ (fix ,O X0 ), H\^e s )^W (X , 9x ) 
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for i > 0. Since the first order deformations of the bordered Riemann surface E, 
of the symmetric Riemann surface (Sc,cr), and of the real algebraic curve Xq are 
identified, the first order deformation of £ is canonically identified with 

Ext^(r» s ,o s )^i7 1 (s,e E ), 

and the obstruction lies in 

3.1.2. Analytic approach. We first give the definitions of a differentiable family of 
compact symmetric Riemann surfaces and a differentiable family of bordered Rie- 
mann surfaces, which are modifications of |Kol Definition 4.1]. 

Definition 3.2. Suppose given a compact symmetric Riemann surface (M t , at) for 
each point t of a domain B ofW n . {(Mt, o~ t )\t G B} is called a differentiable family 
of symmetric Riemann surfaces if there are a differentiable manifold M. , a surjective 
C°° map 7r : M. — > B and a C°° map a : M. — > M. such that 

(1) The rank of the Jacobian matrix of tt is equal to m at every point of M.. 

(2) For each t G B, 7r _1 (t) is a compact connected subset of M . 

(3) n- 1 (t)=M t . 

(4) There are a locally finite open covering {Ui | i G /} of M. and C°° functions 
zi : hii — > C such that 

{(Ui n TT-HtJ.^krur-iw) I % G I Mi n 7r- x (<) ^ </>} 

is an analytic atlas for M t . 

(5) 7r o cr = 7T, anc! crl^-i/t) = at : A/ t — > M t is an antiholomorphic involution. 

Definition 3.3. Suppose given a bordered Riemann surface M t for each point t 
of a domain B o/M m . {M t | t G B} is called a differentiable family of bordered 
Riemann surfaces if there are a differentiable manifold with boundary M and a 
surjective C°° map ir : M — > B such that 

(1) The rank of the Jacobian matrix of ft is equal to m at every point of M.. 

(2) For each t G B, 7r~ 1 (t) is a compact connected subset of M.. 

(3) ir- 1 (t) = M t . 

(4) There are a locally finite open covering {Ui | i G /} of M. and C°° functions 
Zi : Ui — > C+ such that 

{(Uinn-Htlzi^nn-m)) \ ieI,lUnir- l (t)^tl>} 
is an analytic atlas for M t . 

The complex double Sc of a bordered Riemann surface S is a complex manifold 
of dimension 1. Infinitesimal deformation of Sc can be identified with 

H 1 (Xc,T i:c ) = H 1 (X,G x ), 

and the obstruction lies in 

tf 2 (£ c ,T Sc ) =H 2 (X,e x ) =0. 

(See |Ko| .) The differential da of a is an antiholomorphic involution on the holo- 
morphic line bundle Ts c — > Sc which covers a : Sc — * Sc. da induces a complex 
conjugation 
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which gets identified with the action of S on Ext^ x (fix, Ox) under the isomor- 
phism 

^(EcTsJ-Ext^^x,^). 

The pair (Ts c , da) is the holomorphic complex double of the Riemann-Hilbert 
bundle (Ts,Tgs) — > (E, (?E), where a Riemann-Hilbert bundle and its holomorphic 
complex double are defined in jKLl Section 3.3.4]. There is an isomorphism (see 
EH Section 3.4]) 

From the above discussion, we know that iJ^Ec, T Sc ) a gives first order deformation 
of the symmetric Riemann surfaces (Ec, cr). Given a differential family of symmetric 
Riemann surface (E t ,er t ) such that (£0,00) = (£>Ci°~), K t = St/{<7() is a family of 
Klein surfaces. Each if t is homeomorphic to E, which is orientable, so it admits two 
analytic structures compatible with its dianalytic structure, and one is the complex 
conjugate of the other. We get two differentiable families M t , M[ = M t of bordered 
Riemann surfaces, one is a deformation of E, and the other is a deformation of E. 
So i? 1 (E, <9E, Ts, Toe) should give infinitesimal deformations of E. 

Recall that an infinitesimal deformation of Ec determines a Cech 1 cocycle in 
H 1 (A, 0c) C if 1 (Ec, Ts c ), where A is an analytic atlas of Ec, and 0c is the sheaf 
of local holomorphic vector fields on Ec |Ko| . (The inclusion is an isomorphism 
if A is acyclic). Following argument similar to that in |Koj . we now show that an 
infinitesimal deformation of E determines a Cech 1 cocycle in _ff 1 ( v A, 0s), where A 
is an analytic atlas of E, and 0s is the sheaf of local holomorphic vector fields on 
Ts with boundary values in X^s- 

Let {M t I t € B} be a differentiable family of bordered Riemann surfaces, 
Mo = S. We use the notation in Definition 13.31 Then 

A = {(u h <t>i) = (Ui n vr-^o), Zi\ u .^-, {t) ) I i e iMi n ^(t) ? </>} 

is an analytic atlas of E. Without loss of generality, we may assume that A is acyclic. 
We define t-dependent transition functions fij by Zi = fij(zj,t) — fik(zk,t). Then 
fij (zj , t) e R if Zj £ R by 4. of Definition IO 

Zi = fik(zk,t) = fij(fjk(zk,t),t) 

dfik _ dfjj dfjk dfjj 
dt dzj dt dt 

Multiplying by and noting that = §^ , we have 
dfik d _ dfjk d dfij d 



dt dzi dt dzj dt dzi 

Let (xi,yi) be real coordinates defined by z\ = Xi + iy%, then the boundary is 
defined by {yi — 0}, and the tangent line to the boundary is spanned by 

Under the isomorphism Ts - * 7s' 1 given by v <— > (y — iJv)/2, we have Jp- 1— > 

d 



& - So 9 ik = 



defines a Cech 1 cochain in C 1 (^l, ©s) which 

t=o 

satisfies the cocycle condition Oik — 9%j + Qjk- 

By exactly the same argument in |Ko| we see that another system of coordinates 
will give rise to a Cech 1 cocycle 9' = 9+Sa, where a is a Cech cochain. Therefore, 
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Figure 1 . strata of M 2 



the infinitesimal deformation of E is given by 

H 1 (A,Q E ) = H 1 (p,dv,T E ,T BE ). 

3.2. Nodal bordered Riemann surfaces. To compactify the moduli of bordered 
Riemann surface, we will allow nodal singularities. The complex double of a bor- 
dered Riemann surface is a complex algebraic curve with real structure. The stable 
compactification of moduli of such curves parametrizes stable complex algebraic 
curves with real structure jSSI ISej , or equivalently, stable compact symmetric Rie- 
mann surfaces. Naively, the quotient of a stable compact symmetric Riemann sur- 
face by its antiholomorphic involution will give rise to a "stable bordered Riemann 
surface" . We will make this idea precise in this section. 

Let E be a (smooth) bordered Riemann surface of type (g,h). Note that if 
4> : £ — * £ is an automorphism (Definition I2.14(l . then its complex double ( KL, 
Section 3.3.2]) 0c : Ec - * Ec is an automorphism of (Ec,ct) (Definition 12 .7|l . This 
gives an inclusion Aut(E) C Aut(£c,c). It is easy to see that the following are 
equivalent: 

• E is stable, i.e., Aut(E) is finite. 

• Ec is stable. 

• The genus g = 2g + h — 1 of Ec is greater than one. 

• The Euler characteristic x(E) = 2 — 2g — h of E is negative. 

We start with g — 2. Let M2 be the moduli of stable complex algebraic curves 
of genus 2. The strata of Mi are shown in Figure 1. 

The dual graph and the underlying topological surface of a prestable curve are 
shown. In the dual graph of the curve C, each vertex corresponds to an irreducible 
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Figure 2. strata of M^ 03 y Each stable bordered Riemann sur- 
face above represents a topological type, and the number above 
it is the number of strata associated to it. Strata associated 
to the same topological type are related by relabelling the three 
boundary circles. There are one 3-dimcnsional stratum, nine 2- 
dimcnsional strata, twenty-one 1-dimensional strata, and fourteen 
O-dimensional strata. We will see in Example 14.71 that M(o,3) can 
be identified with the associahedron K§ defined by J. Stasheff |5t) . 

component of C, labeled by the genus of the normalization, while each edge cor- 
responds to a node of C, whose two end points correspond to the two irreducible 
components which intersect at this node. 

If g = 2, (g, h) can be (0, 3) (Figure 2) or (1, 1) (Figure 3). 

Definition 3.4. Let {x, y) be coordinates on C 2 , and A(x, y) — {x, y) be the complex 
conjugation. A node on a bordered Riemann surface is a singularity isomorphic to 
one of the following: 

(1) (0,0) £ {xy = 0} (interior node) 

(2) (0, 0) E {x 2 +y 2 = 0}/A (boundary node of type E) 

(3) (0, 0) E {x 2 - y 2 = 0}/A (boundary node of type H) 

A nodal bordered Riemann surface is a singular bordered Riemann surface whose 
singularities are nodes. 

A type E boundary node on a bordered Riemann surface corresponds to a bound- 
ary component shrinking to a point, while a type H boundary node corresponds 
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Figure 3. strata of M( 1;1 ) 



to a boundary component intersecting itself or another boundary component. The 
boundary of a nodal Riemann surface is a union of points and circles, where one 
circle might intersect other circles in finitely many points. 

The notion of morphisms and complex doubles can be easily extended to nodal 
bordered Riemann surfaces. The complex double of a nodal bordered Riemann 
surface is a nodal compact symmetric Riemann surface. 

Example 3.5. Consider C e = {X 2 - Y 2 + eZ 2 = 0} C P 2 , where [X,Y,Z] are 
homogeneous coordinates on P 2 , and e € BL C e is invariant under the standard 
complex conjugation A([X, Y, Z)) = [X,Y,Z] on P 2 , so cr £ = A\c r is an antiholo- 
morphic involution on C £ . For e ^ 0, (C e ,<7 £ ) is a symmetric Riemann surface of 
type (0, 1,0), and C t /(a t } is the disc, which is a bordered Riemann surface. Co has 
two irreducible components {X + Y = 0} and {X — Y = 0} which are projective 
lines, and the intersection point [0, 0, 1] of the two lines is a node on Co. Both lines 
are invariant under the antiholomorphic involution uq. Co/(<To) is a nodal bordered 
Riemann surface: it is the union of two discs whose intersection is a boundary node 
of type H. 

Example 3.6. Consider C £ = {X 2 + Y 2 + eZ 2 = 0} C P 2 ; where e e M. C £ is 
invariant under the complex conjugation A on P 2 , so a e = A\c e is an antiholo- 
morphic involution on C e . Set S £ = C e /(a e ). For e > 0, (C £ ,cr £ ) is a symmetric 
Riemann surface of type (0,0,1), and S £ is the real projective plane; for e < 0, 
(C £ ,cr £ ) is a symmetric Riemann surface of type (0,1,0), and S £ is the disc. Co 
has two irreducible components {X + y/—lY = 0} and {X — ^J~AY = 0} which 
are projective lines, and their intersection point [0,0, 1] is a node on Co- The an- 
tiholomorphic involution oo interchanges the two irreducible components of Co and 
leaves the node invariant, so Eo — P 1 , which is a smooth Riemann surface without 
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degeneration normalization 




(g,h) = (1,3) 

Figure 4. boundary node of type E 



degeneration normalization 




(9,h) = (1,2) 

Figure 5. boundary node of type HI 

boundary. However, we would like to view it as a disc whose boundary shrinks to a 
point which is a boundary node of type E. 

Definition 3.7. Let S be a nodal bordered Riemann surface. The antiholomorphic 
involution a on its complex double Ec can be lifted to a : Sc — > Ec; where Sc is 
the normalization o/£c (viewed as a complex algebraic curve). The normalization 
o/S = £c/(er) is defined to be S = T,c/(a). 

From the above definition, the complex double of the normalization is the nor- 
malization of the complex double, i.e., Sc = ^C- 

Let £ be a smooth bordered Riemann surfaces of type (g, h). The following are 
possible degenerations of £ whose only singularity is a boundary node. 

E. One boundary component shrinks to a point. The normalization is a smooth 
bordered Riemann surface of type (g, h — 1) (Figure 4). 
HI. Two boundary components intersect at one point. The normalization is a 
smooth bordered Riemann surface of type (g, h— 1), and the two preimages 
of the node are on the same boundary component (Figure 5) . 
H2. One boundary component intersects itself, and the normalization of the 
surface is connected. The normalization is a smooth bordered Riemann 
surface of type (g — l,h+ 1), and the two preimages of the node arc on 
different boundary components (Figure 6). 
H3. One boundary component intersects itself, and the normalization of the 
surface is disconnected. The normalization is a disjoint union of two smooth 
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degeneration normalization 




(g,h) = (1,3) (g,h) = (0,4) 

Figure 6. boundary node of type H2 



degeneration normalization 




(g,h) = (1,3) (g 1 ,h 1 ) = (1,2) (g 2 ,h 2 ) = (0,2) 

Figure 7. boundary node of type H3 

bordered Riemann surfaces of types (g\,h\) and (g 2 ,h 2 ) such that g = 
.91 + 32 and h = hi + h 2 — 1, and each connected component contains one 
of the two preimages of the node (Figure 7). 

Definition 3.8. A prestable bordered Riemann surface is either a smooth bordered 
Riemann surface or a nodal bordered Riemann surface. 

Let S be a prestable bordered Riemann surface, £ be its normalization. Let 
Ci, . . . , C v , Ei, . . . , E„/ be the connected components of E, where Ci is a smooth 
Riemann surface of genus gi, and Ei' is a smooth bordered Riemann surface of 
type (gi',hi'). Let 5 be the number of connecting interior nodes (Figure 8), and 
5e,Shi,5h2,5h3 be the numbers of boundary nodes described in E,H1,H2,H3, 
respectively. 

The topological type (g, h) of E is given by 

g = .91 H \-g v + g\-\ h g„> + 5 + 5 H2 

h = h\ + h h v , + S E + S H1 - 5 H2 - S H3 

It is now straightforward to extend the notion of marked bordered Riemann 
surfaces to prestable bordered Riemann surfaces. 

Definition 3.9. Let h be a positive integer, g, n be nonnegative integers, and rh = 
(to 1 , . . . ,m h ) be an h-uple of nonnegative integers. A prestable marked bordered 
Riemann surface of type (g, h) with (n, to) marked points is an (h + 3)-uple 

(E,B;p;q 1 ,...,q' 1 ) 



whose components are described as follows. 



17 




Figure 8. connecting and disconnecting nodes 



• S is a prestable bordered Riemann surface of type [g, h). 

• B = (B 1 , . . . , B h ), where 9E = B % , and each B l is an immersed circle. 
The circles B 1 , . . . ,B h may intersect with each other at boundary nodes, 
and become h disjoint embedded circles under smoothing of all boundary 
nodes. 

• p = (pi, . . . ,p n ) is an n-uple of distinct smooth points in S°. 

• Q l — ill i ■ ■ ■ > oLt ) * s an m * -uple of distinct smooth points on B l . 

Definition 3.10. A morphism between prestable marked bordered Riemann sur- 
faces of type (g, h) with (n, in) marked points 

(£, B; p; q 1 , . . . , q h ) — > (£', B'; p'; (q') 1 , . . . , (q')' 1 ) 

is an isomorphism of prestable bordered Riemann surfaces <j) : S — > S' such that 
(f>(B*) = (B'Y fori = l,...,h, cp{ Pj ) = p' 3 for j = 1, . . . , n, and = (q% for 

k = 1, . . . , m % . A prestable marked bordered Riemann surfaces of type {g, h) with 
(n, to) marked points is stable if its automorphism group is finite. 

Remark 3.11. The category of prestable marked bordered Riemann surfaces of 
type (g, h) with (n, to) marked points is a groupoid since every morphism in Defi- 
nition W.KA is an isomorphism. 

Example 3.12. Consider the case (g,h) — (0, 2),n = 0,to = (1,0) (annuli with 
one boundary marked point). The moduli space -M(o,2)(o,(l,0)) is an interval [0,1]. 
There are three strata: t £ (0, 1), t = 0, t = 1 (Figure 9) 

Example 3.13. Consider the case (g,h) = (0, 2),n = 0,m = (2,0) (annuli with 
two boundary marked points on the same boundary circle). The moduli space 
M(o,2) (0,(2,0)) * s a pentagon. There are eleven strata (Figure 10). 

Example 3.14. Consider the case (g,h) = (0, 2),n = 0,m = (1,1) (annuli with 
one marked point on each boundary circle). The moduli space Af(o,2)(o,(i,l)) * s a 
disc {z £ C | \z\ < 1}. There are four strata: < \z\ < I, \z\ — 1 but z ^ 1, z = 1, 
z = (Figure 11 ) 

3.3. Deformation theory for prestable bordered Riemann surfaces. The 

algebraic approach of deformation theory for smooth bordered Riemann surfaces 
in Section ITT1 can be easily extended to nodal bordered Riemann surfaces. We will 
also consider marked points. 




t=l t=0 
Figure 9. strata of M( 0i 2)(o,(i,o)) 




Figure 10. strata of M( . 2 )(o.(2,o)) 



Let (£, B; p; q 1 , . . . , q' 1 ) be a marked prestable bordered Riemann surface of type 
(g,h) with (n, m) marked points. We want to study its infinitesimal deformation. 
The ordering of the boundary circles is irrelevant to the infinitesimal deformation, 
so in this section we will ignore it and write (£; p; q), where 

q = (<?i, . . . , q m ) = {q\, . . . , q 1 ^, q{ , . . . , qf n2 , . . . ,gf , . . . , q^ h ), 
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0<\z\<l 




Figure 11. strata of M( 0) 2)(o,(i,i)) 



and m = m 1 + ■ ■ ■ + m h . 

The complex double (Sc,<r) of E is a nodal complex algebraic curve X which 
is the complexification of some real algebraic curve X , i.e., X = X x R C. Al- 
ternatively, (X, S) is a complex algebraic curve with a real structure, where S is a 
semi-linear automorphism which induces the antiholomorphic involution a on Sc. 

Algebraically, the complex double of (S; p; q) is a nodal complex algebraic curve 
with (2n + to) marked points (X } x), where 

X = (x 1} . . .,X 2n +m) = (Pi, ■ ■ ■ ,Pn,Pl, ■ ■ ■ ,Pn,Ql, ■ ■ -,<lm)- 

Here we identify S with the image under the inclusion i : S — > Ec, and denote a(p) 
by p. 
Let 

Ac = xi H h x 2n+m 

be the divisor in X associated to x. The set of first order deformation of the 
pointed complex algebraic curve (X, x) is canonically identified with the complex 
vector space 

ExtJ, x (r! x (^ x ),O x ), 

and the obstruction lies in 

Vxt 2 0x (n x (D x ),O x ). 

We claim that ExtQ x (flx(D x ), Ox) = 0. Three terms in the local to global 
spectrum sequence contribute to Ext|> x (&x(D x ), O x )'- 

H (X,£xt 2 Ox (n x (D x ),Ox)), 
H 1 (X,£xt 1 0x (n x (D x ) 7 O x )), 
H 2 (X,£xt Ox (n x (D x ),Ox)). 
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The curve X has only nodal singularities, so 

£xt 2 Ox (fl x (D x ) 7 Ox) = 0, 

thus 

H°(X,£xt 2 Ox (n x (D x ),O x )) = 0. 
The sheaf £xt(y x (flx(D x ), Ox) is supported on nodes, so 

H 1 (X,£xt 1 0x (n x (D x ),O x )) = 0. 

Finally, 

H 2 (X,£xt Ox (n x (D x ),Ox)) = 

since X is one dimensional. So we get the desired vanishing. 

The semi-linear automorphism S induces a complex conjugation 

S : Ext^^A),^) -» ExtJ, x (ft* (Ac), Ox). 

The fixed locus Ext^ x (fix (Ac), O x ) s gives the first order deformation of (X, x, S) 
as a pointed complex algebraic curve with a real structure. 

We will study the group Ext^ x (fix (A), Ox ) and the action of S on it more 
closely. We first introduce some notation. 

Let Ci,...,C v be the irreducible components of S which are (possibly nodal) 
Riemann surfaces, and let Si, S^/ be the remaining irreducible components of 
S, which are (possibly nodal) bordered Riemann surfaces. Then the irreducible 
components of X are 

Ci,...,C„, Ci, . . . , C„, (Si)c, • • • , (Si/')c- 

Let Cj denote the normalization of Ci, i = l,...,v, and let Sj/ denote the 
normalization of Sj/ , i' = 1, . . . , v' . Then 

Cl, . . . , C„, Si, ... , Sy/ 

are the connected components of S, the normalization of S, and 
Ci,...,C„, Ci, . . . , C„, (Si)c, • • • , (Sy/)c. 

are the connected components of X, the normalization of X. 

Let ri, . . . , r; G S° be interior nodes of S, and s\, . . . , G <9S be boundary 
nodes of S. Then X has 2l + l\ nodes n, . . . ,n , fi, . . . , f; , si, . . . , s/ x . 

Let pj G S be the preimage of pj under the normalization map it : X — > X, j = 
1, . . . , ?i. Define p^, qji similarly. Let r a , 7*/ n +a be the preimages of r a , a = 1, . . . , Zo, 
and define s a /,§i 1+a i similarly. 

Consider X with marked points 

x = (pi, • • • ,p n , Pi,---,Pn, qi,---,q m , fi, . . . ,f 2 ; , fi,...,f 2 ; , Si, . . . , s 2 h), 
which can be written as a disjoint union of pointed curves 

(C,y% (6,f), ((EiOc,z i ') = ((XV)c,P^P i ',q i '), 

where 

y l = (»i,-",ya 4 ), y* = foi.---.i4)> 

P*' = (Pi.-".Pn ( ,)' P*' = (Pi'" ■>#»',/)' qi ' = 
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i = 1, . . . ,v, i' = 1, . . . pj', . . . ,p£., e S?,, gf, . . . , g^., G and 

v v' V 

+ n z - = n + 2/o, = m + 2Zi. 

2—1 — 1 2—1 

From the local to global spectrum sequence, we have an exact sequence 
-> H 1 (X,£xt Ox (n x (D x ),O x ))^Vxt 1 Ox (n x (D x ),O x ) 
-> ff°(X,f4 x (fix(D x ),0i))^O, 

where 

&rtg, Jt (fix:(I>*),0x) =Womox(fix(flx),Ox) = «xPx) v - 
We have the following elementary fact: 

Lemma 3.15. 

n x (D x ) v =n,Tz(-D A ), 

where n : X — > X is the normalization map, and is the divisor corresponding 
to the marked points x in X. 

Proof. The equality obviously holds for smooth points. It suffices to show that 
&y = i"*^V f° r Y — SpecC[a;, y]/(xy), which follows from a local calculation. □ 

The map ir : X — > X is an affine morphism, so by |Hal Chapter III, Exercise 4.1] 
we have 

H\X,£xt^jn x (D x ),O x )) = H 1 (X,^T x (-D Sc ))=^(W l (BW i )(B^Wl, 

i=l i' = l 

where the vector spaces 

W t = H 1 (C i ,T G .(-D yi )), Wi=H\di,T 6i (-D S i)), 

correspond to deformations of pointed curves (C^y 1 ), (Ci,y l ), ((Si/)c,z l ), respec- 
tively. 

Another local calculation shows that 

i h 
H°(X,Exth x {nx(Dx),O x ))^(£)(V a ®V a )®®Vi, , 

ol—1 a' — l 

where 

V a = T fa X® T ho+a X, V a =T K X® T ho+a X, V' a , = T K ,X ® Tg lo+a ,X 

correspond to smoothing of the nodes r a ,r a , s a i in X, respectively. 

Now the action of S on Extg x (Q x (-D x ), O x ) is clear: it acts on Wi © Wi and 
V a © V a by (a, b) i— > (b, a), and it acts on W[, and V' a , by a i— > a. The real vector 
space Wj' corresponds to deformation of the pointed symmetric Riemann surface 
((Si/) c ,z i ',o-). We also have W[, S W^/, where 

W V = H 1 (Si/ , as,, , T £i/ p£, ) , 2^, (-g( - ... - g^, )) 

corresponds to deformation of the pointed bordered Riemann surface (Si', p l , q 1 ). 
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t>0 1=0 t<0 




(g,h,k) = (4,3,0) (g,h,k) = (4,2,1) 

Figure 12. type E 



CO t=0 t<0 




Mobius strip 



Figure 13. type HI 

The action of S on V' a , can be understood by studying local models 

{x 2 + y 2 = 0}/A (type E) , 

{x 2 -y 2 = 0}/A (type H) , 

where the antiholomorphic involution is A(x, y) = (x, y). The deformation of {x 2 ± 
y 2 = 0} is given by {x 2 ± y 2 — e}, where e € C is small. A acts on deformation 
by 6 i ► 6, so the deformation of ({a; 2 ± y 2 — 0}, A) is given by ({x 2 ±y 2 = e}, A), 
where e e M is small, {x 2 ± y 2 — e}/A, e e R small gives a deformation of the 

boundary nodes, and there is a topological transition from e > to e < (Figure 

s 

12, 13, 14, 15). eeC corresponds to V' a ,, f el corresponds to V' a , — V a >, and 
e > corresponds to . 

Above discussion can be summarized as follows. 

(1) The infinitesimal deformation of the pointed complex algebraic curve (X, x) 
is given by 

v v 1 Iq li 

Ext 1 0x (n x (D x ),o x ) s 0(vf, © Wi) © w[, © 0(y Q © y Q ) © 

z= 1 i' — 1 a— 1 a' — l 

(2) The infinitesimal deformation of the pointed complex algebraic curve with 
a real structure (X, x, S) is given by 

1/ l/' Iq li 

Ext^ x (n x (D x ), Oxf £* 0(TF, © TF,) S © 1<, S © 0(V Q © V a f © V^, 5 . 

z— 1 i' = 1 a— 1 a' — l 
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t>0 t=U t<0 




Figure 14. type H2 




Figure 15. type H3 

(3) The infinitesimal deformation of the pointed prestable bordered Riemann 
surface (S; p; q) is given by 

v u loll 

i—l i' — l a— 1 a' — l 

4. Moduli of Bordered Riemann Surfaces 

For stable complex algebraic curves, the moduli of complex structures can be 
identified with the moduli of hyperbolic structures. Under this identification, an- 
alytic methods are applicable to the study of moduli of stable curves. In |Abj . 
Abikoff constructed a topology on M g , n , the moduli of stable complex algebraic 
curves of genus g with n marked points, and showed that M g ^ n is compact and 
Hausdorff in this topology. Similarly, Seppala [Sij constructed a topology for the 
moduli space of stable real algebraic curves of a given genus g > 1, and showed 
that the moduli space is compact and Hausdorff in the topology. In this section, we 
describe how the above works can be modified to study stable bordered Riemann 
surfaces. 



4.1. Various moduli spaces and their relationships. Let 

(E,B;p;q 1 ,...,q' 1 ) 
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be a marked stable bordered Riemann surface of type (g, h) with (n, to) marked 
points. The moduli of the ordering of the circles B 1 , . . . , B h is given by the permu- 
tation group of h elements. Let (£<c, a ) be the complex double of S, and let 

X = (xi, . . . ,X 2n+m ) = (Pi, ■ ■ ■ ,Pn,Pl, ■ ■ ■ ,Pn,qi, ■ ■ -,9m) 

(£c ; a ,Pi, x ) is a stable symmetric Riemann surface of genus g = 2g + h — 1 with 
(n, to) marked points. Removing xi, . . . , x„ from £<c, where h = 2n + m, we obtain 
(5 1 , a), a stable symmetric Riemann surface of genus g with h punctures. Let S' 
be the complement of nodes in S. There is a one to one correspondence between 
connected components of S' and irreducible components of S. Each connected 
components of S' is a smooth punctured Riemann surface. The stability condition 
is equivalent to the statement that each connected component of S' has negative 
Euler characteristic. Therefore, there is a unique complete hyperbolic metric in the 
conformal class of Ricmannian metrics on 5" determined by the complex structure. 

Let Mg^ be the moduli of stable compact Riemann surfaces of genus g with n 
marked points, or equivalently, the moduli of stable complex algebraic curves of 
genus g with n marked points. Let Pg.h be the moduli of stable oriented hyperbolic 
surfaces of genus g with n punctures. From the above discussion we know that 
there is a surjective map 7r : Mg,« — ► PgA- n is generically n! to one since the 
marked points are ordered, while the punctures are not. The fiber over a point in 
Pg,a represented by the surface S consists of less than n! points if and only if there 
is an automorphism of S permuting its punctures. 

Let m ) be the moduli of stable symmetric compact Riemann surface of 

genus g with (n, m) points, and let h k ^ ^ n m ^ be the moduli of smooth symmetric 
compact Riemann surface of type (g,h,k) with (n, to) marked points. Note that 
M (!o,fc),(«,m) is_empty if m > 0. Mf g ^ k) M are disjoint subsets of M? ( „ >ro) , and 
their closures M^ h k) {n m) (in the topology defined later) cover M? (n m) . 

There is an involution A : MgA — ► M g ^, given by 

[(£,£1, • • -,Xn)] >-> [(f,,a(x n+ i), . . . ,a(x2n),(r(x 1 ), . . . , a(x n ), a(x 2n +i), ■ ■ ■,<7(x 2n+m 

where a : £ — > £ is the canonical anti-holomorphic map from £ to its complex 
conjugate £. Let denote the fixed locus of A. Then there is a surjective map 

^f(nm) ~^ M^n, given by forgetting the symmetry a. This map is generically 
injective. It fails to be injective exactly when the automorphism group of (£,x) is 
larger than that of (£, a, x). 

Let P^ h be the moduli of stable symmetric oriented hyperbolic surfaces of genus 
g with n punctures, and let PS h k ^ - the moduli of smooth symmetric oriented 
hyperbolic surfaces of type (g, h, k) with n punctures. PB h k ^ - are disjoint subsets 
of Pfn, and their closures PjK h ^ h (in the topology to be defined later) cover Pfn- 

There is an involution A' : Pg^ — ■> Pg,n, given by [S] i— > [S]. There is a surjective 
map P? fi — ► Pj^n, given by forgetting the symmetry a. This map is generically 
injective. It fails to be injective exactly when the automorphism group of S is 
larger than that of (S, a). 

We have the following commutative diagrams: 
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P§,n * Pg,n 9.(n,m) 9,« 

where the generic fiber of 7r R consists of 2™n!m! points. The factor 2™ corresponds 
to the permutation of the two points in each of the n conjugate pairs. The factor n\ 
corresponds to the permutation of the n conjugate pairs. The factor m corresponds 
to the permutation of the m marked points fixed by the symmetry. Similarly, 
the generic fiber of ir A consists of 2 n n\m\ points. For a generic point in P^\, its 
preimage under 7r consists of n! points, but only 2™n!m! lie in the fixed locus of A. 

Neither 7r K nor n A is surjective because the number of punctures fixed by the 
symmetry can be any integer between and n, not only m. 

We are interested in the moduli space Mrg^t^rh) °f stable bordered Riemann 
surfaces of type (<?, h) with (n, m) marked points. There is a finite to one map 
M( g ,h),{n,m) — * s given by complex double, so there is a finite to one map 

M { g,h),(n,m) ~» P f S ,h,0),n C P f.n- We wiU first stud y P S,n and P l ft) following 

4.2. Decomposition into pairs of pants. A pair of pants P is a sphere from 
which three disjoint closed discs (or points) have been removed. It is the interior 
a stable bordered Riemann surface of type (0,3). There is a unique hyperbolic 
structure compatible with the complex structure of P such that the boundary 
curves are geodesies. Conversely, given a hyperbolic structure on P such that 
the boundary curves are geodesies, the conformal structure is determined up to 
conformal or anti-conformal equivalence by the lengths l\, I2, and Z3 of the three 
boundary curves ( \Abl Chapter II (3.1), Theorem]). 

4.2.1. Riemann surfaces with punctures. A Riemann surface S of genus g with n 
punctures can be decomposed into pairs of pants. More precisely, there are 3g— 3+h 
disjoint curves a±, . . . , a3g_3+^ on S, each of which is either a closed geodesic (in 
the hyperbolic metric) or a node, such that the complement of U^£Y 3+ " a i i s a 
disjoint union of 2g — 2 + h pairs of pants Pi, ... , P2§-2+n- A boundary component 
of the closure of a pair of pants in this decomposition is either a decomposing curve 
or a puncture. We call 

V = {Pi, P 2 , ■ ■ ■ , Pzg-2+n} 

a geodesic decomposition of S into pairs of pants. 

Suppose that there exists an anti-holomorphic involution a : S — > S. Then (S, a) 
is a stable symmetric Riemann surface of genus g with n punctures, and a is an 
isometry of the hyperbolic metric. Let 

V = {PbPaj ■ ■ ■ j PZg-2+n} 

be a geodesic decomposition of S into pairs of pants. Then 
o(V) = {a(P 1 ),a(P 2 ), a{P 2g -2+n)} 

is another geodesic decomposition of S into pairs of pants. V is said to be a- 
invariant if cr(P) = V . The argument in |Sel Section 4], combined with |Abl 
Chapter II (3.3), Lemma 3], shows that 
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Theorem 4.1. Let {S,o~) be a stable symmetric Riemann surface of genus g with 
h punctures. There exists a a -invariant geodesic decomposition of E into pairs of 
pants such that the decomposing curves are simple closed geodesies of length less 
than C(g,n), where C(g,n) is a constant depending only on g, n. 

4.2.2. Riemann surfaces with boundary and punctures. Let (E,B;p) be a stable 
bordered Riemann surface of type {g, h) with (n, 0) marked points, and suppose 
that E has no boundary nodes. Let S be the complement of marked points in E, 
then S is a surface of type (g,h,n) in the sense of |Ab| . namely, S is obtained 
by removing h open discs and n points from a compact (possibly nodal) Riemann 
surface of genus g, where the discs and points are all disjoint. S is stable in the 
sense that its automorphism group is finite. Let S' be the complement of nodes in 
S. Each connected component of S' is a smooth Riemann surface with boundary 
or punctures. The stability condition on S is equivalent to the statement that each 
connected component of 5" has a negative Euler characteristic, so there exists a 
unique hyperbolic metric on S" in the conformal class determined by the complex 
structure such that the boundary circles are geodesies. 

Let S be a stable surface of type (<?, h, n). The S can be decomposed into pairs 
of pants. More precisely, there are 3<? + h — 3 + n disjoint curves a\ , . . . , a^g+h-^+n 
on S, each of which is either a closed geodesic (in the hyperbolic metric) or a node, 
such that the complement of \j^s+ h ~ 3+n ai [ s a disjoint union of 2g + h — 2 + n 
pairs of pants P\, ... , P2 g +h-2+n- A boundary component of the closure of a pairs 
of pants in this decomposition is a decomposing curve, a boundary component or 
a puncture. We call 

V = {Pi, f*2, • • • j P"2g+h-2+n} 

a geodesic decomposition of S into pairs of pants. We have the following result 
(• [ATI Chapter II (3.3), Lemma 3]): 

Theorem 4.2. Let S be a stable surface of type (g, h, n). There is a geodesic decom- 
position of S into pairs of pants such that the decomposition curves are simple closed 
geodesic with length less than C(g, h, n, L\, . . . , Lh), where C(g,h,n, L±, . . . , Lh) 
is a constant depending only on g, h, n, and the lengths of the h border curves 
Li, . . . , Lh- 

We will see later that the moduli of stable surfaces of type (<?, h, n) is of (real) 
dimension 6g + 3h — 6 + In, and L±, . . . , Lh are among the 6g + 3h — 6 + 2n real 
parameters. They are not good coordinates for compactness since L±, . . . , Lh can 
be arbitrarily large. Actually, the length of some border curve tends to infinity as 
S acquires a type H boundary node. To deal with boundary nodes and boundary 
marked points, we go to the complex double, where the local coordinates of the 
moduli can be chosen to be bounded. 

4.3. Fenchel-Nielsen coordinates. 

Definition 4.3. Let S be a stable symmetric Riemann surface of genus g with h 
punctures. A geodesic pants decomposition V is oriented if 

(1) The pairs of pants in V is ordered. 

(2) The boundary components of each pair of pants in V is ordered. 

(3) Any decomposing curve which is not a node is oriented. 
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Figure 16. a pair of pants 



Remark 4.4. The orientability of a geodesic decomposition of a surface of type 
(<?, h, n) can be defined similarly, with the additional assumption that the boundary 
components are ordered. 

Let P be a pair of pants with hyperbolic structure with ordered boundary com- 
ponents at, ot2, a$. The base points £j on o^, i = 1,2,3, are shown in Figure 16. 
In Figure 16, jt,2 is the geodesic which realizes the distance between at, oli, etc. 

If V is oriented, then each boundary curve of a pair of pants in V has a base point. 
Each decomposing curve has two distinguished points since it appears twice as a 
boundary of some pair of pants in V. The orderings in 1. and 2. of Definition 14.31 
determine an ordering of the decomposing curves aj, j = 1, . . . , 3g — 3 + n and 
an ordering on the two distinguished points £j,£f 011 eacn decomposing curve. We 
define lj(V) to be the length of aj, and Tj(P) be the distance one travels from £j to 
£j along aj, in the direction determined by 3. in Definition ^. 31 Set Gj(V) = 2nj- 
if l,j ^ 0. We have lj > 0, < r, < lj, and < 9 i ■ < 2rr. 

Definition 4.5. Let S, S be two stable Riemann surfaces of genus g with n punc- 
tures. Let S", S" be 1-dimensional complex manifolds obtained from S, S by re- 
moving the nodes. A strong deformation k : S — > S is a continuous map such 
that 

(1) If f is a node on S, then «(r) is a node on S. 

(2) If r is a node on S, then K _1 (r) is a node or an embedded circle on a 
connected component of S' . 

(3) /| K -i(s') : K ~ 1 (S') — > 5" is a diffeomorphism. 

Note that 1. implies that k~ 1 (S") C 5", so 3. makes sense. There is a strong 
deformation k : S — > S if and only if S can be obtained by deforming S as a 
quasiprojective variety over C. 

Remark 4.6. A strong deformation n : (S,cr) — > (S,a) between stable symmetric 
Riemann surfaces can be defined similarly, with the additional assumption that 
a o k — k o a . A strong deformation between two surfaces of type (g, h, n) can also 
be defined similarly. 

We now describe Fenchel- Niels en coordinates for various category of surfaces. 
(1) Let S be a stable Riemann surface of genus g with h punctures. Let V 
be an oriented geodesic decomposition of S into pairs of pants, and let 
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a\, a>2, ■ ■ ■ , o;3g_3+fi be the decomposing curves of V . Suppose that there is 
a strong deformation k : S — » S. Let ctj be the closed geodesic homotopic to 
K (ctj). There exists another strong deformation n' such that K'(ctj) = ctj, 
so V is pulled back under n! to an oriented geodesic decomposition Vs- 

[S] ^ {h(Vs),e i (V S ),...,l3g-3 + n(Vs),e 3S -3+n(Vs)) 

defines local coordinates (h,9i, ■ ■ ■ , hg-3+n, (>3g~3+n) on P§,fl. Therefore, 
both Mg,n and Pg,n are (65 — 6 + 2n) dimensional. 

(2) Let (S, a) be a stable symmetric surface of genus g with h punctures, 
and let V be an oriented geodesic decomposition of S into pairs of pants 
which is invariant under a. By considering er-invariant decompositions 
into pants in a neighborhood of (S, a) in "PJ 5 h we obtain local coordinates 
(7i, 61, . . . , Z3g_3 + s, #3g_3+ft). However, these parameters are not indepen- 
dent. If a(cii) — ctj, i ^ j, then = lj, and ^ = c± 9j for some constant c. 
If a{pti) = cii, then Bi = 0. So there are 3<? — 3 + n independent parameters, 
and the dimension of Vf^ is 3g — 3 + n. 

(3) Let 5 be a stable surface of type (g, h, n), and let R±, . . . , Rh be its border 
curves. Let V be an oriented geodesic decomposition of S into pairs of 
pants, and let a\, . . . ,a.3 g +h-3+n be the decomposing curves. We have 
local coordinates (h,di,. ■ . , hg+h-3+n, #3 9 +ft-3+n, Li, ■ ■ ■ , Lh), where lj is 
the length of ctj, 6j is the angle of gluing along ctj, and Li is the length 
of the border curve Ri. Therefore, the moduli of stable surfaces of type 
(g, h,n) is 6g + 3h — 6 + 2n = 3g — 3 + n, where g — 2g + h—l, and n = 2n. 
This is consistent with the previous paragraph since the complex double of 
S is a stable symmetric Riemann surface with genus g = 2g + h — 1 and 
n = 2n punctures. 

(4) Let (E, B; p; q 1 , . . . , q ft ) be a stable marked bordered Riemann surface of 
type (3, h) with (n, m) marked points. (Ec> a, x) be its complex double, and 
(S, a) be the symmetric Riemann surface obtained from S by removing the 
marked points, as in Section f4.ll Choose a er-invariant geodesic decomposi- 
tion of S into pants, we have local coordinates (ii, 0\, . . . , l^g-^n, #3g~3+n), 
as described in 1., where 

g = 2g + h-l, n = 2n + m 1 H \- rn h , 

3g - 3 + n = 6g + 3h - 3 + 2n + m 1 H h m h . 

We have seen that half of the 2(6g + 3h — Q + 2n + m 1 + - ■ ■ + m h ) parameters 
are independent, so the dimension of M/j^Wn^j is 

6g + 3h - 6 + 2n + m 1 H h m h . 

In the following example, we describe the Frenchel-Nelson coordintates of the 
moduli space Mq^ of a pair of pants explicitly. 

Example 4.7. The hexigon in Figure 17 is obtained by cutting the pair of pants 
in Figure 16 along the geodesies 71,2,72,3,73,1- Pi is the geodesic which realizes the 
distance between 71 and 72,3, etc. 

Letl 1 ,l 2 ,l3,h,h,h,h,h,h be twice the lengths o/7i,72,73,72,3i73,l>7i,2i/3i)/32,^3, 
respectively. The degeneration li — corresponds to a real codimension one stratum 
Vi of Mq, 3. Let Vij —Vif] Vj and Vijk = V% H Vj fl Vu- Mo,3 can be identified with 
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Figure 17. 

the associahedron K§ defined by J. Stasheff |5t] . The configuration of the strata in 
M 0j3 = K§ is shown in Figure 17. There is one 3- dimensional stratum. There are 
nine 2-dimensional strata: 

VuV 2 ,V 3 ,V 4 ,V 5 ,V 6 ,V 7 ,V 8 ,V 9 . 
There are twenty-one 1-dimensional strata: 

V\2,V\z, V23 , V45 , V 5e , V46 , V14 , V25 , V36 , V27, V37 , V57 , V S 7 ,Vl$, V38 , V48 , ^68 , V19 j V29 , V49 , V59 . 

There are fourteen O-dimensional strata: 

n.235 *456i ^237i ^257 ! *i367> >^567> / 138! n.48) ^368) ^468^129; n.49j V259i V459- 

There is a one-to-one correspondence between the O-dimensional strata and Frenchel- 
Nelson coordinate charts of Mo, 3-' the Frenchel- Nelson coordinates near Vijk are 

4.4. Compactness and Hausdorffness. We first define a topology on H{g,h\{n,rh)i 
following jAbl Chapter II (3.4)], and [Bil Section 5]. We will call it Fenchel-Nielsen 
topology. 

Definition 4.8. A strong deformation between two stable marked bordered Rie- 
mann surfaces (£, B; p; q 1 , . . . , q h ) and (£, B; p; q 1 , . . . , q h ) of type (<?, h) with (n, to) 
marked points is a continuous map k : £ — > £ such that 

(1) «(#) = B\ K (q{) = ql k(Pj) = Pj . 

(2) Iff is an interior node on £, then n(f) is an interior node on £. 

(3) If s is a boundary node of type E (H) on £, then k(s) is a boundary node 
of type E (H) on £. 

(4) If r is an interior node on £, then K _1 (r) is an interior node or a circle. 

(5) If s is a boundary node of type E, then K _1 (r) is a boundary node of type 
E or a border circle. 
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(6) If s is a boundary node of type H, then k^ 1 (s) is a boundary node or type 
H or an arc with ends in <9E. 

(7) /| re -i(s') : k _1 (S") — > S' is a diffeomorphism. 

Let 

k: (E,B;p;q 1 ,... J q' , )->(E,B;p;q 1 ,... > q h ) 
be a strong deformation. Let (S, a), (S, u) be the symmetric Riemann surfaces 
obtained by removing marked points from Ec, Ec, respectively. Define kc : Ec — > 
Ec by 

, . f k(z) if z G E 

I (TOKOCT(Z) it z £ L 

Let k denote the restriction of kc to 5. Then k : (5, <r) — > (S 1 , cr) is a strong 
deformation. 

Given e, <5 > and 

p= [(E,B;p;q 1 ,...,q' 1 )] G M( g ,h),(n,m), 

we will define a neighborhood U(e,5,p) of p in Mt g f^ t ( n ,m)- (S,a) be the 

symmetric Riemann surface obtained by removing marked points from Ec. Let 

P = [(£,B;p;q\ • ■ ■ ,q ft )] G M( g ,h),(n,A), 

and (S,a) be the associated symmetric Riemann surface. Then p G M( Si k),(n,«i) if 

(1) There exists a cr-invariant oriented geodesic decomposition of 5* into pairs 
of pants. 

(2) There exists a strong deformation 

k: (E,B;p;q 1 ,...,q h )-» (E, B; p; q 1 , . . . , q h ) 

i n the sense of Definition 14. 81 So we have a strong deformation k : 5 — > S 
as above. 

(3) Let and lj,6j be the Fenchel-Nielsen coordinates for V and k*(V), 
respectively. Set d = 6g + 3h — 6 + 2n + m. We have \lj < e for 
j = l,...,d, and \9j - 6j\ < 8 if Zj > 0. 

{t/"(e,5,p) | e,J > 0,p € M( ff ,ft),(ri,A)} 
form a basis of the Fenchel-Nielsen topology. 

U (e, 5, p) can be described more precisely. Set Zj = lje l9j , then up to permutation 
and complex conjugation of some Zk we have 

cr(zx, Z2, ■ ■ ■ , «2d x -l) Z2dx, ^2di+X) •••>%) = ( z ~2, ^i, . . . , Z2d, Z2d-1> ^2di+l, ■ ■ ■ j ^d), 

so the fixed locus of a consists of points of the form 

(Z2 5 «2j • • • j ^2di-l5^2di)^l! ■ ■ • , %d 2 ), 

where 2di + e?2 = d, z<i, 24, . . . , Z2d 1 € C, and x\, . . . , 2^2 G K. The coordinates 
take values in the fixed locus of a, and a;* are nonnegative on Mi g Mi n , m ) because 
negative values correspond to nonorientable surfaces, as we have seen in Section f3.3l 
We conclude that U (e, (5, p) is homeomorphic to U /F, where U is an open subset 
of C dl x [0,oo) d2 , and F is the automorphism group of r. The transition functions 
between charts are real analytic ( |Wolp[ Appendix]), so Fenchel-Nielsen coordinates 
give M {g 

h),(n,m) the structure of an orbifold with corners. The topology determined 
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by the structure of an orbifold with corners coincides with Fenchel-Nielsen topology. 
Therefore, we may equip Mtg^Jn,^) with a metric which induces Fenchel-Nielson 
topology. In particular, the topology is Hausdorff, and compactness is equivalent 
to sequential compactness. A straightforward generalization of the argument in 
|Sel Section 6] shows that ^(g,h),(n,A) is sequentially compact in Fenchel-Nielsen 
topology. Therefore, 

Theorem 4.9. Mf gi h\( n ,A) * s Hausdorff and compact in Fenchel-Nielson topology. 

4.5. Orientation. M(g t h),(n,m) is an orbifold with corners, so we may ask if it is 
orientable as an orbifold. By Stasheff's results in |5t|. we have 

Theorem 4.10. M(o,i),(o,(ra)1 has (to— 1)! isomorphic connected components, which 
correspond to the cyclic ordering of the to boundary marked points. Each connected 
component of M(o,i),(o,(m)) * s homeomorphic to M™ . 

Lemma 4.11. Suppose that (g,h,n) ^ (0,1,0), and to* > 0. If M( g .h).(n,m) * s 
orientable, then M(a,h),(n,(m x ,...,m i +\,...,m h -)') is orientable. 

Proof. Assume that M( s m i n / m i ...,m h ))) is orientable. Consider the map 

(1) F ■ ^(g,h),(n,(m 1 ,...,m<+l,...,m'')) — * M(g,h),(n,m) , 

given by forgetting the last boundary marked point on the i-th boundary circle. 
Under our assumption, the fiber of F over [(£, B; p; q 1 , . . . , q 7 *)] is a union of m l 
intervals and inherits the orientation of B l . So ^(j,/i),(n,(ni 1 ,...,m i +i,...,m' , ))l l& ovl ~ 
entable. □ 

Lemma 4.12. Supposet that (g, h, n) ^ (0,1, 0), and m l = 0. If 

^( ff ,fc.),(n,(m 1 ,...,ro*+l,...,ro' > ))) is orientable, then M(g,h),(n>rt.) is orientable. 

Proof. Assume that Mt gi f l \r n / m i i ... >m >+i m h ))) is orientable. Let T be the tangent 
bundle of M(g } h).{n,m) j which is an orbibundle over M^ g h),(n.m)- To show that 
M(g t h),(n,m) is orientable, it suffices to show that the restriction of T to every loop 
in M(g,h),(n,m) is orientable. Let iV( 9 ,ft),(„,^) be the interior of M( g M),(n,fh)- More 
precisely, N(g,K),(n,rfi) corresponds to surfaces with no boundary nodes. Since every 
loop in /!),(„. m) is homotopic to a loop in Nr gi fA ,( n ,rS)i it suffices to show that 
N( g .h),(n,rh) is orientable. 

Suppose that p — [(E, Bjpsq 1 , . . . ,q h )] € ^(g,h),(n,rH)- Then B l is an embedded 
circle in E, oriented as in Remark |2. 131 and the fiber of the map F in JJJ over p 
can be identified with B l . So N/g,h),(n,A) is orientable. □ 

It is shown in IS2J that 

Theorem 4.13. Suppose that (g,h,n) ^ (0,1,0). Then M( g ,h),(n,(i,...,i)) is a com- 
plex orbifold. 

Theorem 14.101 Lemma [4.111 Lemma T4. 121 and Theorem 14 . 1 31 imply that 

Theorem 4.14. Mi g ji),(n,rh) * s orientable. 

Let Q(g t h),n be the moduli space of stable bordered Riemann surfaces of type 
(<?, h) with n interior points. There is an hi to one map M, h % , n g\ — > Q( g ,h),m given 
by forgetting the ordering of boundary components. Then Qi g M,n is nonorientable. 
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FIGURE 18. Q(g t h),n is nonorientable 

For example, consider p G ^(i,2),(o.o) represented by the surface as show in 
Figure 18. The local coordinates are (Zi, Oi, l 2 , 02, h, h), where lj is the length of 
oij for j — 1, ... ,4, and 9i,8 2 are gluing angles for a\,a 2 , respectively. There is 
an automorphism <fi of order 2 of p which rotates the above Figure 14 by 180°. 
<p(ai) = a 2 , (j>(a 3 ) = a 4 , and a(h, 61, l 2 , 2 , h, k) = {l2,-02,h,-0i,h,h), which 
is orientation reversing. 

In general, an automorphism induces permutation of d\ decomposing curves and 
permutation of d 2 bordered curves. The former corresponds to permutation of 
pairs (lj,9j), j — 1, . . . ,di, which is orientation preserving. The later corresponds 
to permutation of (i^+i, . . . , ld!+d 2 ) which is orientation preserving if and only if it 
is an even permutation. When we consider M, g h \ , n q-, , automorphisms permuting 
border curves are not allowed. 

5. Moduli Space of Stable Maps 

5.1. Prestable and stable maps. Let (X, cu) be a compact symplectic manifold, 
and let L be a Lagrangian submanifold. Let J be an w-tame almost complex 
structure. 

Definition 5.1. A prestable map is a continuous map u : (£,<9£) — » (X,L) such 
that J o du — duo j, where E is a prestable bordered Riemann surface, u — uo t, 
t : X — > S is the normalization map (Definition \3. ?| ). 

Definition 5.2. A prestable map of type (g, h) with (n, fa) marked points consists 
of a prestable marked bordered Riemann surface of type (g, h) with (n, rh) marked 
points (S, B; p; q 1 , . . . , q h ) and a prestable map u : (E, 9E) — * (X, L). 

Definition 5.3. A morphism between prestable maps of type (g,h) with (n, rh) 
marked points 

(E, B; p; q 1 , . . . , q"; U ) (E', B'; p'; (q') 1 , . . . , (q')' 1 ; «') 

is an isomorphism 

4> '■ (E, B; p; q 1 , . . . , q ft ) - (E', B'; p'; (q') 1 , . . . , (q') ft ) 

between prestable marked bordered Riemann surfaces of type (g, h) with (n, rh) points 
such that u — u' o <j). 

Definition 5.4. A prestable map of type {g, h) with (n, rh) marked points is stable 
if its automorphism group is finite. 
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5.2. C°° topology. Let [3 € H 2 {X,L;Z), j = (7 1 , . . . , 7*) E H 1 (L;Z)® h be such 
that 71 + • • • + 7/1 = 9/3, where d : H2(X,L;Z) — > 7?i(L;Z) is the connecting 
map in the long exact sequence for relative homology groups. Let ft be a positive 
integer, <?, n be nonnegative integers, to = (to 1 , . . . , m h ) be an ft-uple of nonnegative 
integers, and fj, be an integer. Given the above data, define 

M(gJi).,(n,m,){X,L \ [3, 7, fi) 

to be the moduli space of isomorphism classes of stable maps of type (g, ft) with 
(n, to) marked points 

(E,B;p;q 1 ,...,q h ;u) 

such that Ulf [E] = (3, u* [B l ] = 7 l for i = 1, . . . , ft, and fi{u*TX, u*TL) = /z. Here 
/j,(u*TX,u*TL) is the Maslov index defined in |KLI Definition 3.3.7, Definition 
3.7.2]. From now on, we assume that L is oriented, so fi(u*TX,u*TL) is even, and 
we may restrict ourselves to even /z. We will also assume that none of the 7* is 
zero, so the domain cannot have boundary nodes of type E. 

Let MigMtn^) {X, L) be the moduli space of isomorphism classes of stable maps 
of type (g,h) with (n, m) marked points. Then M( gh y( n ^(X,L | /3,7,/i) are 
disjoint subsets of M^ gh ^^ ni f^(X,L) for different ([3, 7,/i). 

Let E be a prestable bordered Riemann surface, and let r : E — > E be the 
normalization. Let u : (E, 9E) (X, L) be a continuous map such that u — uo r : 
(S,9£) — > (X, L) is C°° w.r.t. 50 on an d some Hcrmitian metric ft, on E, / > 1. 
Define 



a(u) 



u 


du 


2 


du 




dx 




dy 



du du\ 2 . 

g(x,y)dxAdy, 



where (x,y) are local isothermal coordinates on S, and g(x,y)dx Ady is the volume 
form for the metric ft. If u is an embedding, a(u) is the area of u(E) w.r.t. go. If u 
is a prestable map, then a(u) = ^ |j du \\l 2= ( u *[E]) H [w], where 



rfu ||| 2 = 
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du 


1 




9x 
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dy 





(w*[E]) n [w] only depends on the relative homology class u*[£] € H-2(X, L;Z), so 
we have a function a : M^ g ^ ^ n m ^ —f [0, 00), which takes the constant value /3(~1 [w] 
on M (ffih ) i(n> ^)(J£:,i I [3,7, fi). 

With the above definition, M^ g j^ ( n ,, r ^{X,L \ f3,^,fi) is a set. We will equip it 
with the structure of a topological space, and show that it is sequentially compact 
and Hausdorff in this topology. This topology was introduced by Gromov |Grj . 

We want to say two stable maps are close if the complex structures on the domain 
are close, and the maps are close. To measure the closeness, we use metrics on the 
domain and on the target. For the target X, J is an w-tame complex structure, 
so go(X, Y) = |(a;(X, JY) + uj(Y, JX)) is a Riemannian metric on X such that J 
is an isometry. For the domain, by a Hermitian metric ft on a prestable bordered 
Riemann surface E we mean a Hermitian metric on ft on E, the normalization of 
E. 

We now introduce some notation. Let r : E — > E be the normalization map. 
Given a node r € E and a small positive number e, let B e (r) = r(B e (n) US e (r2)), 
where t _1 (?') = {ri,^}, and B e (r a ) is the geodesic ball of radius e for a — 1, 2. Let 
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e be sufficiently small so that B e (r) are disjoint for r G E s i ng , where E s i ng denotes 
the set of nodes on £. Set 7V e (E) = U reSsinK tf e (E) = £- iV e (£). 

Definition 5.5 (C°° topology). Let p = (E, B; p; q 1 , . . . . q' 1 ; m) 6e a prestable map 
of type (g, ft) wifft, (n, m) marked points. For a Hermitian metric ft on £ anc? 
ei, . . . , 64 > 0, a neighborhood U(p, h, £i, . . . , £4) 0/ u m M(g } h),(n ,m)(X, L) in the 
C°° topology is defined as follows. A prestable map 

p=(£',B';p';(q')\...,(q')V) 

belongs to U(p, h, e%, . . . , 64) i/ 

(1) There is a strong deformation 

K : (£', B'; p'; (q') 1 , . . . , (q / ) h ) — > (E, B; p; q 1 , . . . , q") 

swcft tftai is defined on K ei (T,). 

(2) || j — ||c°°(A: ei (s))< £2, where j, f are complex structures on £ 7 
£', respectively. 

(3) IIw-w'ok- 1 ||c°°(if ei (s))< £3- 

(4) |a(u) - a(u')| < e 4 . 

(1) says that £' can be obtained by deforming £, or equivalently, £' is in the 
same or a higher stratum in Mtg^tn^i the moduli space of prestable marked 
bordered Riemann surfaces of type (g,h) with (n, m) marked points. (2) says that 

(S,B;p;q 1 ,...,q' 1 ), (£', B'; p'; (q') 1 , . . . , (q') h ) 

are close in the C°° topology fDefmition l5.6|) . (3) says that the maps u, v! are C°° 
close away from the nodes. (4) implies that a : M^ g ^^ n ^(X,L) — > [0, 00) is a 
continuous function. 

(£, B; p; q\ . . . , q h ; «), (£', B'; p'; (q')\ . . . , (q') fc ; «') 
represent the same point in MfgfA r n ^\(X, L) if and only if there is a Hermitian 
metric ft on £ such that 

(1) There is a homeomorphism 

K : (£', B'; p'; (q') \ . . . , (q') /l ) - (E, B; p; q\ . . . , q h ) 

which induces a diffeomorphism E' -> S. 

(2) || j — {n^ 1 )*]' ||c°°(s) = 0, where j, j' are complex structures on E, E', 
respectively. 

(3) || u-m'ok" 1 ||c-(E)=0. 

(4) |a(u) - a(u')| = 0. 

So the C°° topology is actually a topology on the moduli space Mig^f n ,m) £)• 
M( g ,h),(n,rh)(X,L \ /?, 7, /i) is a closed subspace of M( gi h),(n,m) (X, L ) and is equipped 
with the subspace topology. 

When X is a point, we get the C°° topology of Mfg h),(n,rA)- 

Definition 5.6. Let A = (E, B; p; q 1 , . . . , q' 1 ) be a stable (prestable) bordered Rie- 
mann surface of type (g, h) with (n, fa) marked points. For a Hermitian metric 
h on E and £1,62 > 0, a neighborhood U(fi, h, ei, £2) of u in M/ g h\t n jft\ in the 
C°° topology is defined as follows. A stable (prestable) bordered Riemann surface 
A' = (£', B'; p'; (q') 1 , . . . , (q') h ) belongs to U(p, h, ex, 62) if 
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(1) There is a strong deformation k : A' — > A such that k 1 is defined on 

if e>1 (£)._ 

(2) || j — (k 1 )* f ||coo(^ e rs))< £2, where j, j' are complex structures on S, 

respectively. 

5.3. Compactness and Hausdorffness. The following is the main theorem of 
this section. 

Theorem 5.7. M(a,h),(n,iti)(Xi L \ /3,7,/i) is Hausdorff and sequentially compact 
in the C°° topology. 

The Hausdorffness can be proven as in the case of curves without boundary, see 
e.g. |Siell Proposition 3.8]. The compactness is a consequence of the following 
theorem. 

Theorem 5.8 (Gromov's Compactness Theorem). Let {p{\ be a sequence in 
M(g } h),(nrh){X, L) such that a(pi) < C for all I £ J\f. Then there is a subsequence 
of {pi} convergent in the C°° topology. 

Gromov's compactness theorem |Grl 1.5] for J-holomorphic curves without bound- 
ary was carried out in details in |PWI lYej . The case with boundary was proved in 
|Ye| (see also |IS1I IS2 ). In |Ye| . the moduli space is compactified by the moduli 
space of cusp curves, or prestable maps in this paper. We will describe how the 
proof in |Ye| gives Theorem 15.81 

The C°° topology can be equivalently defined as follows. 

Definition 5.9 (C°° Topology). A sequence 

pi = (T, h Bf,pi;ql, . . ,,t$;ut) 

converges to p — (£, B; p; q 1 , . . . , q"; u) in the C°° topology if for each ei, . . . , 64 > 
0, there is an integer N such that for I > TV, 

(1) There is a strong deformation ki : S; — > £ such that nf 1 is defined on 

( 2 ) II j~ K V )*ji llc°°(*r n (£))< £2- 

(3) \\u-uioKf 1 \\c°°(K tl (z,))< £3- 

(4) \a(u)-a(ui)\ < e 4 - 

Recall that Mtg^ t n ^\ denotes the moduli space of prestable bordered Rie- 
mann surfaces of type (g,h) with (n,m) marked points. There is a map F : 
M( g ,h),(n,rn){X,L \ 0, 7, /j,) -» M( g ,h),(n,m) , given by forgetting the map. M {gJl)An ^ m) 
has infinitely many strata since one can keep on going to lower and lower strata by 
adding non-stable components - spheres and discs. 

We claim that the image of F is covered by only finitely many strata, or equiv- 
alently: 

Lemma 5.10. The domains in Mt g h\f n ,ifi){X, L \ /3,7,/x) have only finitely many 
topological types. 

Proof. There is a map M(g,h),(n,rfi) M(g,h),(n.m)> given by contracting non-stable 
components. Since a stable bordered Riemann surfaces of type (<?, h) with (n, rh) 
points can have only finitely many possible topological types, it suffices to get an 
upper bound for the number of non-stable irreducible components. The restriction 
of a stable map to a non-stable irreducible component is nonconstant, so there is 
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a lower bound e > for the area of the restriction of the map to each non-stable 
component by IYe| Lemma 4.3, Lemma 4.5]. Therefore, the number of non-stable 
irreducible components cannot exceed (/? D [u>])/e. □ 

Let {pi} be a sequence in M( g: h),(n,A){X, L) such that a(p) < C for all I S N. By 
Lemma l5.1UI there is a subsequence of {p{\ such that the domains are of the same 
topological type. By normalization we obtain several sequences of stable maps with 
smooth domains of the same topological type and with uniform area bound. Note 
that each node gives rise to two marked points on the normalization. It suffices to 
show that each sequence has a subsequence convergent in the C°° topology. So we 
may assume that the domain is a smooth marked bordered Ricmann surface or a 
smooth curve with marked points. In this case, it is proven in |Yej that there is a 
subsequence which converges to a prestable map in the C°° topology. However, it 
is straightforward to check that the limit produced in |Ye| is actually a stable map. 

6. Construction of Kuranishi Structure 

6.1. Kuranishi structure with corners. We first quote the following definition 
from jFO^l A2.1.1-A2.1.4], which is a slight modification of [E3 Definition 5.1]. 

Definition 6.1 (Kuranishi neighborhood). Let M be a Hausdorff topological space. 
A Kuranishi neighborhood (with corners) of p G M is a 5-uple (V p , E p ,T p ,ip p , s p ) 
such that 

(1) V p is a smooth manifold (with corners), and E p is a smooth vector bundle 
on it. 

(2) T p is a finite group which acts smoothly on E p — > V p . 

(3) s p is a T p -equivariant continuous section of E p . 

(4) ip p : s~ (0) — > M is a continuous map which induces a homeomorphism 
from s~ 1 (0)/T p to a neighborhood of p in M. 

We call E p the obstruction bundle and s p the Kuranishi map. 

The following equivalence relation is weaker than the one in | FQ1 Definition 5.2], 
so the resulting equivalence class is larger. 

Definition 6.2. Let M be a Hausdorff topological space. Two Kuranishi neigh- 
borhoods (with corners) (Vi lP , Ex tP , Ti iP , tpi tP , si tP ) and (V2, p , Ez tP , r 2jP , ip2,p, «2,p) of 
p € M are equivalent if 

(1) dim V\ tP — rankEi iP = dimV2,p — ranki?2.p = d. 

(2) There is another Kuranishi neighborhood (with corners) (V p , E p ,Tp,ijjp, s p ) 
of p such that dimVp — rankEp = d. 

(3) There are homomorphisms hi : Ti tP — > T p for i — 1,2. 

(4) For i = 1,2, there is a I \ ^-invariant open neighborhood Vi ofil>~ p (p), an 
hi-equivariant embedding <pi : Vi — > V p , and an hi-equivariant embedding of 
vector bundles <pi : Ei^ p \y i — > E p which covers (pi. 

(5) (pi o Si tP = s p o (pi for i = l,2. 

(6) ip ilP =ip p o <f>i for i = l,2. 

In this case, we write (Vi tP , E liP , r ljP , ip ltP , si lP ) — (V2 lP , E 2 , p , r 2)P1 tp2, P , S2, P ) 

The following definition is a combination of |FOH A2.1.5-A2.1.11] and [FOl 
Definition 5.3]. 



37 



Definition 6.3 (Kuranishi structure). Let M be a Hausdorff topological space. 
A Kuranishi structure (with corners) on M assigns a Kuranishi neighborhood (or 
a Kuranishi neighborhood with corners) (V p , E p ,T p ,ipp, s p ) to each p G M and a 
A-uple (V pq , 4> pq , 4> pq , h pq ) to each pair (p, q) where p G M, q G Vv( s p 1 (0)) such that 

(1) V pq is an open subset ofV q containing ip~ 1 (q). 

(2) h pq is a homomorphism T q — > T p . 

(3) 4> pq : V pq — > Vp is an h pq -equivariant embedding. 

(4) 4> pq : E q \v — > Ep is an h pq -equivariant embedding of vector bundles which 
covers 4> pq . 

(5) <j) pq O S q = SpO <f} pq . 

(6) 1p q — 4>p O 4> pq . 

(7) If r G ip q (s~ (0) n V pq ), then <f> vq o <fi qr = <f> pr in a neighborhood of ip~ x (r). 

(8) dim Vp — rank£"p is independent of p and is called the virtual dimension of 
the Kuranishi structure (with corners). 

(Vpq, <f> pq , 4> pq , h pq ) is called a transition function from (V q , E q , T q ,tp q , s q ) to (V p ,E p , T p , ip p , s p ) 

Remark 6.4. Let M be a Hausdorff space with a Kuranishi structure with corners 

, Ep, T p , tp p , s p ) : p G M, (V pq , (f> pq , <\> pq , h pq ) : q G ip p (s p '(0))} 

of virtual dimension d. Let dM = l J p eM' l Pp(s p 1 (0) f]dV p ), where dV p is the union 
of corners in V p . Then 

dK = $y(dVp,Ep\ dv ,Tp,%pp,Sp) : p G dM, (dV pq , (j> pq , (f> pq , h pq ) : q G ip p (s~ x (0) n dV p )\ 
is a Kuranishi structure with corners of virtual dimension d — 1 on dM . 
Definition 6.5. Let M be a Hausdorff topological space. Two Kuranishi structures 
, Ei,p, ri, p , tpi,p,si. p ) : p G M, (Vi lPq , <j>i, pq , <pi, P q, hi tPq ) : q G ipi tP 

and 

K>2 = {(V 2 , p , E 2 ,p,r 2j p, ip2,p,S2, P ) ■ P € M, (V 2 ,pq,(j>2, P q, 4>2, P q, h 2>pq ) : q G tl> 2 ,p(s 2iP (0))\ 
on M are equivalent if there is another Kuranishi structure 

,Ep,Tp,lp p ,S p ) :pe M,(V pq ,4> p q,(t>pq,h p q) I q G ^p(Sp X (Q))\ 

on M such that for allp<E M, (Vy jP , E\, p , T\, p , ipi jP , Si >p ), (V 2tP , E 2<p , T 2>p , ip 2tP , s 2 , P ), 
and (V p , Ep,T p ,ipp, s p ) satisfy the relation described in Definition \6.Sl In this case, 
we write K-i ~ IC 2 . 



Let (V p , Ep,Tp,ip p , s p ) be a Kuranishi neighborhood (with corners) of p. If s p 
intersects the zero section of E p transversally, then M p = s~ 1 (0) is a smooth 
submanifold (with corners) of V v of dimension dimVp — rankE p , and there is an 
exact sequence of smooth vector bundles 

Q^TMp^TVp^^ E p \m p 

over Mp. So TM p is equivalent to the two term complex [TVpl^ — ? E p \j^ ] as an 
element of the Grothendieck group KO(M p ). 



Both TV P and E p are r p -equivariant vector bundles over V p , so TV P /T P , E p are 
orbibundles over the orbifold (with corners) U p = V p /T p . We call TU P = TV P /T P 
the tangent bundle of the orbifold (with corners) U p , and TM p = TM p /T p is the 
tangent bundle of the orbifold (with corners) M p = M p /T p . 

In general, M p might be singular, so TM p does not exist. Nevertheless, M p is a 
topological space, so KO(M p ) makes sense. We define 

T™M P = [TV p \m p - E p \ Ap ] G KO(M p ) 
to be the virtual tangent bundle of M p , and 

T™M p = [TU p \ Mp d -% (E p /T p )\ Mp ] 

to be the virtual tangent bundle of M p . We have T vil X p = TM p and T vh 'M p = 
TM p when s p intersects the zero section transversally. The transition functions 
(V pq , 4> pq , <j) pq , h pq ) in Definition 16.31 enable us to glue T vlr M p to obtain the virtual 
tangent bundle T v " M of the Kuranishi structure on M. 

detTV p ® (det i? p ) _1 glue to a real line orbibundle det(T vu 'M), the orientation 
bundle of the Kuranishi structure (with corners). It is a real line bundle if the action 
of each T p on detTV p ® (detE'p) -1 is orientation preserving. We say a Kuranishi 
structure is orientable if its orientation bundle is a trivial real line bundle. If JC and 
JC' arc equivalent Kuranishi structures (with corners), then JC is orientable if and 
only if JC' is. 

In the ordinary Gromov-Witten theory, there is an algebraic approach to define 
Gromov-Witten invariants when the target is a smooth projective variety jBFj . 
In the algebraic approach, the moduli of stable maps is a Deligne-Mumford stack, 
which is locally etale covered by affine schemes. In Definition 16.31 s~ 1 (0) is the 
analogue of an affine scheme - an affine scheme is the zero locus of polynomials, 
while s~ 1 (0) is the zero locus of smooth functions. 

The moduli space of stable maps admits a perfect obstruction theory, which is an 
element in the derived category locally isomorphic to a two term complex of vector 
bundles [E—i — > Eo]. Given a perfect obstruction theory, the virtual dimension is 
defined to be ranki?o — rank EL i, and a virtual fundamental class of the virtual 

ds 

dimension can be constructed. The two term complex [TV P — > E p ] is the analogue 
of [E- - El x ]. 

A Kuranishi structure can be viewed as the analytic counterpart of a Deligne- 
Mumford stack together with a perfect obstruction theory. We will show that 

Theorem 6.6. M/ flj o / n)1 ^\(Jf, L \ /3,7,/z) has a Kuranishi structure of virtual 
dimension 

fi+{N - 3) (2 — 2g — h) + 2n + m 1 H h m!\ 

where 2N is the dimension of X . The Kuranishi structure is orientable if L is spin 
or if h — 1 and L is relatively spin (i.e., L is orientable and W2{TL) = q\l for 
some a G H 2 (X,Z 2 )). 

6.2. Stable W k ' p maps. Let (X,u>) be a compact symplectic manifold together 
with an cj-tame almost complex structure J, and let L be a compact Lagrangian sub- 
manifold of X, as before. To construct a Kuranishi structure on M^ g ^^ n ^(X, L | 
f3, 7, fi), we need to enlarge the category of stable maps. We first specify metrics on 
the target fSection |6.2.1|l and on the domain ( Section |fi. 2. 2(1 so that we can define 
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norms on relevant Banach spaces. The definition of stable W k,p maps is given in 
Section Tfi. 2. 31 The virtual dimension in Theorem 16.61 is computed in Section l6.2.4l 

6.2.1. Metric on the target. Let go be the Riemannian metric on X defined by 
go(v,w) — Tj(ui(v, Jw) + oj(w, Jv)). We will modify go to obtain a Riemannian 
metric g\ such that L is totally geodesic w.r.t. g\. 

Lemma 6.7. Given a Riemannian vector bundle (V, h) over a compact Riemannian 
manifold (M,g), there is a Riemannian metric g on the total space ofV such that 

(1) For any x € M, the restriction of g to the fiber V x over x is h{x). 

(2) The zero section io : (M , g) — > ( V, g) is an isometric embedding. 

(3) io(M) is totally geodesic in (V,g). 

Proof. Let tt : V — > M be the canonical projection. Choose a connection on V 
which is compatible with h. This gives a decomposition TV = tt*V H, where 
H = w*TM. Let x £ M, w € V x , so that (x,w) g V. Given £ g T {x . w )V, there 
is a unique decomposition £ = £ v + £h, where € 7r* V", and £/, G iJ. Define a 
quadratic form Q on T( XjW ) V by Q(£, £) = /i(x)(£„, + s(a;)(7r*(6i), 7r»(£h)). Then 
<5 determines an inner product g(x,w) on Tfo^V. 5 is a Riemannian metric on V 
which clearly satisfies 1. and 2. 

For (3), let Xo,Xi € «o(Af) be close enough such that there is a unique length 
minimizing geodesic 7 : [0,1] — » (V,<7) such that 7(0) = a; , 7(1) = xi. It suffices 
to show that this geodesic lies in io(M). We have 

1(7) = I ~g{i\i)dt 

Jo 

= / (/l(7TO 7)( 7 ;, 7 ;) + ig (7T0 7)((7T0 7)',(7r0 7)'))dt 

Jo 

> / 5(71- o 7 )((7r 07)', (71-07)'))^ 
Jo 

1 

ff((i OTTO 7)': (*0 O j)')dt 
= /(i O7TO7), 

The equality holds since 7 is length minimizing. So 7^, = 0, and 7 = io ° 7r o 7 : 

[0,1] 

The Riemannian metric go on X gives an orthogonal decomposition 

TX\ L = TL®N L/X , 

where N^/x is the normal bundle of L in X. Let exp° denote the exponential map 
TX — ► X determined by 50- For R > 0, let Br(TX) denote the ball bundle of radius 
R in TX. There exists R > such that exp° maps Br(Nl/x) diffeomorphically 
to its image in X. For r < R, let N r (L) denote the image of B r (NL/x) under 
exp°. We have a diffeomorphism G : Nr(L) — > Br(N l / x ) which is the inverse 
of exp° \b r (n l/x )- Construct a Riemannian metric g on N L / X as in Lemma [6.71 
Let x be a smooth cut-off function defined on X such that x — 1 on Nr (L) and 
X = on X - N2r(L). Define gi = X G*g + (1 - x)9o on N R (L). Then g x = g on 
Nr(L) — JV2H (X). so 51 extends to a Riemannian metric on X such that 171 = go 
on X - N R (L) and on TX| L . 




40 



X is compact, so there exists some constant Co > such that C ~ 1 go < gi < 
Cogo. The C°° topology fDefinition l5.5|l defined by g\ is equivalent to that defined 
by go. From now on, all the parallel transports, exponential maps, and norms are 
defined by g\ instead of go . 

6.2.2. Metric on the domain. Let A = [(E, B^q 1 , . . . , q^)] € M( g ,h),(n,m)i an d let 
M( g ,h),(n,m){ x , L I P, 7) M)a denote the fiber of 

F '■ M(g,h),(n,m)(X,L \ /3,^,/J,) — » A^( fl ,/i),(n,»7l) 

over A. Choose a Hermitian metric h on Ec which is compact, flat near nodes, 
and invariant under the antiholomorphic involution a : Ec ~~ * £c- Let /i be the 
restriction of /i to E. Then the border curves of S are geodesies in the Riemannian 
metric determined by h. We further require that 

(1) If s is an interior node, then there is an isometric holomorphic embedding 
B t (r) — ► C 2 , where C 2 is equipped with the standard metric, such that the 
image is {(x,y) £ C 2 | xy = 0, |x| < e, < e}. 

(2) If s is a boundary node of type H, then there is an isometric holomorphic 
embedding B e (r) — ► C 2 /A, where A(x,y) = (x,y), such that the image is 
{(x,y) €C 2 \xy = 0,\x\ < e,\y\ < e}/A. 

(3) h is invariant under Aut p. 

We call such a Hermitian metric an admissible metric. 

6.2.3. W k,p maps and C l maps. 

Definition 6.8. Let E be a prestable bordered Riemann surface. A continuous map 
u : (E, <9E) — > (X, L) is a V^ fe,p map on A if u — u o r : (E, <9E) — > (X, L) is o/ dass 
in i/ie sense of |MSI Appendix B], where t : E — ► E is £/ie normalization map. 

In the above definition, we assume that fcp > 2, so the embedding W fc >£ c C° is 
compact. 

Definition 6.9. .A prestable W rfc > 3 ' map of type (<?, /i) wifft (n, m) marked points 
consists of a prestable marked bordered Riemann surface of type (g, h) with (n, rh) 
marked points (E, B; p; q 1 , . . . , q' 1 ) and a prestable W k,p map u : (E, <9E) — > (X, L) . 

Definition 6.10. A morphism between prestable W k,p maps of type (g,h) with 
(n, rh) marked points 

(E, B; p; q 1 , . . . , q h ; u) -> (S', B'; p'; (q') 1 , . . . , (q')' 1 ; «') 

is an isomorphism 

<j> : (E, B; p; q 1 , . . . , q fe ) - (£', B'; p'; (q')\ • . . , (q')' 1 ) 

between prestable bordered Riemann surfaces of type (g,h) with (n, fh) points such 
that u = u' o (j). 

Definition 6.11. A prestable W k,p map of type (g,h) with (n,fh) marked points 
is stable if its automorphism group is finite. 

C l maps and stable C l maps are defined similarly. 

Let W fahUn,rfi)( X > L I P>^V>)' C ig,h),(n,rn)( X > L I A^M) be thc moduli Space 

of isomorphism classes of stable W k,p , C l maps of type (g,h) with (n, rh) marked 
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points satisfying the topological conditions as in the definition of M( gi h),(n,nV)(-^> L I 
/3,7, n), respectively. There are maps 

Pk * ■ W (S),(n,rh)( X ' L \ M,ti - %,, M) 

and 

given by forgetting the map. Recall that forgetting the map also gives 

F ■ M(g,h),(n,rn)(X,L | /?, 7, /x) -> M^,,)^^). 

Given A e M( g M),( m ,n), let M( g ^) i( „ !ta) (X, L | /3,7,/x) A , ja) (X, L | /3,7,//)a, 

C| fl fc « , n A j (X, L | /3,7, denote the fiber of F, F fe,p , F' over A, respectively. From 
now on, we will write 

M x = M( g ^ n ^{X,L | /3,7,m)a 

for convenience. 

Let exp denote the exponential map of the Ricmannian metric g\ on X, and let 
h be an admissible metric on E. For a stable W ' p map it on A and e > 0, define 

U k > p (u,e) = {exp„H | w e W k > p (E,dX,u*TX,(u\ 9 v)*TL), \\ w \\ w k*< e}, 

where I4^ p (£, 9E, uTI, (u| as )*T£) will be defined in Section and the 

norms are defined by g±, h. Similarly, for a stable C l map u on A and e > 0, 
define 

E/'(u, e) = {exp„H | w e C"(£, 8S, u*TX, (u\ ds )*TL), \\ w \\ c i< e}, 

where C Z (E, <9£, u*TX, (u\ d x)*TL) will be defined in Section E23 Note that 
exp M (w)|oE C L because L is totally geodesic w.r.t. g±. Then 

{U k > p {u, e) | u is a stable iy fc < p map on A, e > 0} 

generate the V^ fc,p topology on W^' p , while 

{U l (u, e) | u is a stable C' map on A, e > 0} 

generate the C l topology on C\. 
Define 

W k < p (u,e) = {we W k < p (X,dZ lU *TX, (u\ 9 v)*TL) \ \\ w \\ W *, P < e} 

and 

C l (u,e) = {w e C l (X,dZ,u*TX,(u\ d xyTL) \ \\ w \\ c i< e}. 
For sufficiently small e > 0, w i— ► exp M (w;) gives 

C/ fc ' p ( U ,e) S VK fe ' p (w,e)/Aut(A,u) 

and 

E/'(u,e) = C l (u,e)/Aut(\,u). 

So W A te ' p and C A are Banach orbifolds. They are Banach manifolds if AutA is trivial. 
M\ is contained in both W k ' p and C l x since stable maps are C°° ( |Ye| Theorem 
2-1]). 
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6.2.4. Virtual dimension. Let p = [(£, B; p; q 1 , . . . , q h ; u)] e M\. Let C\, . . . , C v 
be irreducible components of E which are (possibly nodal) Riemann surfaces, and 
let Ei, ... , E„< be the remaining irreducible components of E, which are (possibly 
nodal) bordered Riemann surfaces. Let Ci denote the normalization of Ci for 
i = 1, . . . , v, let Xv denote the normalization of Ej/ for i' = 1, . . . , i/ , and let 
t ; E — > E be the normalization map. 

Let ri, . . . ,ri € E° be interior nodes of E, and si, . . . , € 9E be boundary 
nodes of E. Let pj e E be the preimage of pj under [i for j = 1, . . . , n, qy be the 
preimage of qy under r for f = 1, . . . , m, f a , n + Q be the preimages of r a under fj, 
for a = 1, . . . ,Zoi an d V, s^+a' be the preimages of s a > under r for a' = 1, . . . , l\. 

Set u = u o t. Then u : (E, <9E) — > (X, L) is J-holomorphic. For I > 1, let 

C l (±,d±,u*TX, (u\ gt )*TL) 

denote the vector space of C l sections of u*TX with boundary values in (u| 9 |,)*TL. 
Then 

C l (t,dt,u*TX, (u\ dt )*TL) 

v v' 

= C\C U (u\ ddi )*TX) &(%,, d%>, (u\ tt , TTX, (u\ dtii )*TL) 

i=l i' = l 

Let C(E,dE,u*TX, (u\gs)*TL) be the kernel of 

C l {±,d±,u*TX, {u\ dt )*TL) -^0T ra Iffi t Sq ,l 

a— 1 a' — 1 

s i ^ ({s(r Q ) - s(n 0+a )}^° =1 , {s(s Q <) - s(s ;i+Q 0}a'=i) . 

and set 

c 1 - 1 {y,k°- 1 y:®u*tx) 

V v 

= C l -\C l: A '^ ® (%)*TX) 8 C i-1 (iV, A ' 1 !]^ ® (ul^ )*TX) 

i=l i' = l 

The linearization of dj t s at the map u gives rise to operators 

C l (C\, (u\ 6i )*TX) C' -1 ^. A ° 4 ^ ® (%)*^*), * = 1, ■ ■ ■ 

C'CSi, , (u^, )*TX, («| 8g(< )*TL) -» C'-^Ei,, A - 1 ^/®^!^, )*TX) i' = 1, . . . , i/, 
and thus the operator 

D u : C'(E,<9E,u*TA, (u\ d ^)*TL) -» C' _1 (E, A 0,1 E ® u*TX) 
Similarly, we have 

L> u : VK fc ' p (E, AS, u*TX, (u\ d ^)*TL) -» ^"^(E, A^E ® n'TI). 
The following proposition follows from straightforward computations. 
Proposition 6.12. Let \7 be a connection on TX . Then 

£>„(£) = i (V£ o d u + J o V£ o rf u o j + V e J o rf M o j + T(£, du) + JT(£, du o j)) 
where T(v, w) = \7 v w — V w v — [v, w] is the torsion of V. 
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Lemma 6.13. Let £ be a smooth bordered Riemann surface of type (g,h), and 
u : (X,c?£) — > (X, L) &e a J -holomorphic map. Then 

D u : C°°(S,aE,u*TX, [u\bs)*TL) C°°(S, A 0,1 E (g) u*TX) 

is a Fredholm operator of index ji + N(2 — 2g — h), where fi = /i(u*TX, (u\g^)*TL), 
and 2N = diniR X . 

Proof. Let V be the Levi-Civita connection. V is torsion-free, so by Proposi- 
tion 

= — (V£ o du + J o V£ o du o j + J o du o j) . 
We have D u = D" + R, where 

D"{£) = ^(V£odu + Jo V£oduoj) 

R(0 = =^W^Joduoj 

D" defines a holomorphic structure on u*TX such that D" = 8. By |KLI 
Theorem 3.4.2], D" is a Fredholm operator of index /i + iV(2 — 2g — h). R is a 
compact operator, so = £)" + i? is Fredholm of index /i + iV(2 — 2g — h). □ 

Proposition 6.14. Let u : (£, <3£) — > (X,L) be a prestable map. Then 

D u : C°°(S,9E,u*TX, (u| es )*TL) -> C°°(S, A 0,1 E (g) u*TX) 

is a Fredholm operator of index [i + N(l — g), where fi — /i(u*TX, (u|g£)*TL), and 
g is the arithmetic genus of Sc . 

Proof. We use the above notation. Set 



c° 


= C°°(i:,dZ,u*TX,(u\ d x)*TL) 


c 1 


= C oo (S,A ' 1 E®ii'T , l) 


c° 


= C°°(C h (u\ di )*TX) 


c\ 


= C 00 (C t ,A^ 1 C t <E>(u\ di )*TX) 


c? 


= C°° {%, , dt v , (u\ ±ii )*TX, (u\ d±ii )*TL) 


cl 


= C 00 ^^ ' 1 ^ <g> (u\ tii )*TX) 



where i = 1, . . . , v, i' = 1, . . . , z/. The linearization of c^s gives rise to Fredholm 
operators Di : C? ^ Of for i = 1, ... ,u and D v : C% -> C/, for i' = 1 . . . , v' . We 
have the following commutative diagram: 

o — > c° — ► e^c?®©;!^ — ► eli^xee^r.^L - 

M -1 ! 

o — > c 1 — ► er =1 cj © e:/ =1 c* — ► o 

where D = ®^ =1 © ©i'=i -^i') ancl the rows are exact. So Z? u is Fredholm. 
Given a Fredholm operator D, let Ind(-D) denote the virtual real vector space 

Ker(L>) - Coker(L>), 

whose dimension 

dimlnd(£>) = dimKer(L>) - dimCoker(D) 
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is the Fredholm index of D. With the above notation, we have 

dimInd(-D„) = ^ dimlnd(A) + ^ dimlnd(A') - 2JVi - Nl x . 

i=l i' = l 

Suppose that C\ is of genus c/i, and is of type {gv, hi*). We have 

dimlnd(A) = 2deg({u\ d .)*TX) + 2N(l- gi ), 
dimlnd(A') = v((u\ t . i )*TX,(u\ at .)*TL) + N(2-2g i ,-h i ,), 

where the second equality follows from Proposition l6.13l £c has 2l + li nodes and 
2v + v' irreducible components 

Ci,...,C v , Ci,...,C v , (Si)cj ■ • ■ 7 (Sj/')c, 

where the genus of (£„')c is gv — 2gy + hy — 1, so the arithmetic genus of Sc is 

v v' 

g = 2^& + ^<^+2fo + Zi-2i/-i/ + l 

V V 

= 2j2(9i - 1) + I] (2ft' + /li' - 2) + 2Z + Zi + 1 

i=i i'=i 

by EH (3.1)]. Finally, 

ii = fj,(u*TX, (u\ ds )*TL) = 2 ]T deg((%)*TX + £ ^(u^ )*TX, {u\ a%i )*TL), 

i=l i' = l 

so we conclude that 

dimInd(D u ) = fi(u*TX, (u\ dT ,)*TL) + N(l - g). □ 
Remark 6.15. Corollary \6.14\ remains true for 

D u : W k ' p {Y I , as, u*TX, (u| 9E )*TL) -> W^'^S, A ' 1 ^ <g> u*TI) 

D u : C l (Z,dT,,u*TX, (u\ dT: )*TL) -> C i_1 (S, A 0,1 S (g) u*TX) 

Set = C*°°(S, A ^I] ® u*TAT) for u e C*£°. The £™ fit together to form 
a Banach orbibundle — > C^°. There is a section s,/ : — > defined by 
it 1— * dj^u , and Af> is the zero locus of sj. If A has no nontrivial automorphism, 
then C?° is a Banach manifold, and £ ?° — ► is a Banach bundle. In this case, 
if M\ is nonempty and D u is surjective for all u 6 M^, then is a smooth 
manifold of dimension /1 + iV(2 — 2g — /i) by the implicit function theorem. We call 
fj, + N(2 — 2g — h) the virtual dimension of M\. In general, M\ is singular, and the 
actual dimension of M\ can be larger than the virtual dimension. 

The dimension of M( ff /jW n ^) is 6g + 3h— Q + 2n + m 1 + - ■ ■ + m h , so the expected 
(or virtual) dimension of M( ff m (^^(X, L | /3, 7, /i) is 

fi + (N - 3) (2 - 2g - h) + 2n + m 1 H h m h , 

which will also be the virtual dimension of the Kuranishi structure on 

%g,h),(n,A)( x >L I /3,7>M)- 
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Similarly, we have 

£\ ~ * C*Aj s j '■ Ci ~> ^A> 

and M> is the zero locus of sj in the above spaces. 
6.3. Deformation of the domain. Let 

p= [(E,B;p;q 1 ,...,q' , ;u)] 

be a point in M^ g ^ r n ^(X, L | /3,7,/x). We have seen in Section 13.31 that the 
infinitesimal deformation of the domain 

A = [(E,B;p;q\...,q h )] 

is given by 

v v' Iq li 

#p,domain = ® Wi ® $^ ® $7 a 9 © ^, 

i=l i'=l a — 1 a' — 1 

where 

- ^(E^dE^T^-pi' pi,),T dti ,(-q( -...-g^)), 

V Q = 7> Q E<g>7> io+Q E = C, 

= Tj ,9E<g>T s , x ,<9E~R, 

y+ s [0,oo)ct4, 

arc defined as in Section 1331 is only a semigroup, while the others are vector 
spaces. Set 

V V 

#p,deform = W t 8 Q W V 
i=l i'=l 

-^p, interior 03 

Q = l 

^p, boundary = V\ X • • • X 

-"p, smooth — P, interior ^ -^p, boundary 

Then i? Pi deform corresponds to tangent directions of the stratum that A belongs to, 
while -£/p iS mooth corresponds to normal directions to this stratum. -ff Pi i n tcrior corre- 
sponds to smoothing of interior nodes, and -ff p ,boundary corresponds to smoothing 
of boundary nodes. 

Let (Aut A)o denote the identity component of Aut A. (Aut A)o is a normal 
subgroup of Aut A, and the quotient Aut'A = AutA/(AutA)o is a finite group. 
Aut A acts on i/p^eform, and (Aut A)o acts trivially, so Aut'A acts on -ffp^eform- 

We choose an admissible metric h on E in the sense of Section Rj. 2. 21 Let t\ be a 
small positive number, and define 7V Cl (E), if ei (E) as in the paragraph right before 
Definition 15.51 Then iV ei (E), fsT £l (E) are invariant under Aut p. We may choose a 
subspace H of the space of smooth Beltrami differentials such that the elements in 
H vanish on 7V ei (E), and the natural map H — > H p _ deform is an isomorphism. We 
may further assume that H is invariant under the action of Aut'p, so that Aut'p 
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acts on H and the isomorphism H — > i? P) d e form is Aut p-equi variant. From now on, 
we will identify H with -ff Pj deform- 

6.3.1. Deformation within the stratum. Let be the complex structure on E 
determined by £ G -ff, and let E(£ i0l o) be the prestable bordered Riemann surface 
corresponding to (E,j(£)). In particular, j(0) is the original complex structure j 
on E, and £(o,o,o) = Let 

A(f,o,0) = (£(£,0,0)1**; pjq 1 , . . . ,q h ). 
Let K(f,o,o) : £(£,o,o) — > E be the identity map. Then 

(1) K({,o,o) : -^(5,0,0) — > A is a strong deformation in the sense of Definition 14.81 
K(£ j0 ,o) : £(f,o,o) ~> ^ is a homeomorphism. 

(2) j={ K ll m )*j(0 oniV ei (£). 

(3) || j - («^ 0)0 )J j(0 llc~(if £1 (s))< where |£| is the Weil-Petersson 
norm of the Beltrami differential £. 

Note that any two norms on ff P) deform are equivalent since iodoform is finite 
dimensional. Let B$ 2 C i? p ,deform be the ball of radius 82 > centered at the 
origin. From the above discussion, we see that there is a family of prestable bordered 
Riemann surfaces of type (g, h) with (n, in) marked points {A^q.o) I £ G B$ 2 }. More 
precisely, we have 

(7r:C^ J Ba 2 ;s;t\...,t' l )) I 

where s = (si, . . . , s n ), t l — (t\, . . . , t % j), and a contraction k : C — > £. Diffeomor- 
phically, C = B$ 2 x E, 7r is the projection to the first factor, k is the projection of 
the second factor, Sj,t l k : B$ 2 — > C are constant sections corresponding to marked 
points pj, q l k , respectively. Holomorphically, 7r _1 (C) = £(£,0,o)' 

Let uiq be the volume form on E determined by h. Then loq is a Kahler form. Let 
0.0) be the Hermitian metric on E^q.o) determined by ^o;o and j(£). Then 
K (5,o,o) is a n isometry near the boundary and nodes, so /i(f,o,o) i s an admissible 
metric on £(£ o,ov 

There is a map i : B$ 2 — > M/g^r^^A, given by £ ^ A(£ .o)- Given 62 > 0, there 
exists 82 > such that i{Bs 2 ) C £7(A, ei, 62), where [/(A, ei, £2) is the neighborhood 
of A in M( gth Y(n,m) in the C°° topology defined in Definition 15.61 i{Bs 2 ) is a 
neighborhood of A in the stratum of M( g m („ ;J ^) which A belongs to. 

6.3.2. Smoothing of interior nodes. Let s be an interior node of E, and let i : 
B ei (s) — > C 2 be a holomorphic isometry such that i(B ei (s)) = {(x,y) £ C 2 | xy = 
0, |x| < < Let s\,S2 € E be the preimages of s under t : E — > E. 
Up to permutation of si, S2, there exist unique e\ € J^E, e 2 € r s2 E such that 
(ior),(ei) = (1,0) G C 2 , and (ior)»(e 2 ) = (0,1) e C 2 . 

Given u € T Sl E T" S2 S, we have v — te\ ® e 2 for some t € C. Suppose that 
< = r 2 e 1 ^, where < r < Let E t be the bordered Riemann surface obtained 
from E by replacing 

B eifi = {{x,y) € C 2 I xy = 0, |at| < ei, |y| < ei} 

with 

B eut = {(x, y)eC 2 \xy = t, \x\ < e x , \y\ < ej 
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More precisely, B tl .t is obtained by identifying 

x = re} 6 G {x G C | |a:| = r} C {x G C | r < \x\ < ei} 

with 

- = re^-V <E{yeC\\x\=r}c{yeC\r<\y\< ej. 
x 

There is a strong deformation 



: B. ,./ = <J I x, - 



— < \x\ < ei } -> B eu0 



given by 



Ki 



U~)= (x(|f| 2 )^0) i£ r < |ar| < ei 
(Ms^l) if j-<\x\<r 



£l 

where x : K — > [0, 1] is a smooth function such that 

(1) < X '(a) < 1. 

(2) x (s) = for s < 1. 

(3) > for s > 1. 

(4) = 1 for s > 4. 

Lemma 6.16. Let f,g be smooth functions on C such that /(0) = ,g(0). Let F be 

the continuous function on {z G C | — < | jar j <£i} defined by 



F{z) = 



/( X (|f| 2 )z) ifr<|z|< £l 



s(x(|i| 2 )f) if^<N< 



r 



are smooth for — < 



Then F is smooth. 

Proof. The lemma follows from 

(1) Both ht(z) = /(X(|f| 2 », h 2 (z) = 5 ( x (|X| 2 )i) 
|«| <ei- 

(2) The derivatives of hi of any order vanish when \z\ = r, and the same is 
true for h%- □ 

Let A(r, i?) denote the annulus {(u, v) G R 2 | r 2 < u 2 + w 2 < i? 2 }, and let A(r, i?) 
denote its interior. Let Dr denote the closed disc {(it, u)gI 2 |ii 2 + !) 2 < R 2 }. 

Lemma 6.17. Let f , g, F be defined as in Lemma \b\lb\ Define h : ei) — > C 

&?/ u) = + iv). Then 

max = maxjmax |/|, max \g\, } 

A(§,2r) ftr £>2r 

max |Vft| < 9v^max{max|/'|,4max|</|}, 
where |V/i| 2 = |/i u | 2 + \h v \ 2 . 
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Proof. We have 

h(u, v) 



so 



/(x( M r^ ! )(« + w)) iir 2 <u 2 + v 2 <4, 
s(x(^)^) if ^<u 2 +v 2 <r 2 , 

sup \h\ = max{max|/|,max|<7|}. 

A(§,2r) D2r -° 2 '- 

We also have 

f /'(X(^)(« + ^Xx'C^)^^ + X(^)) if < u 2 + W 2 < e 2 



h u (u,v) 



^ 5'(x(^^)^i^)(x'(^ r p^) (J+£)i ~ X(^ r p^) (u+ * it , ) i) if < u 2 + w 2 < r 2 , 
and /i u (w, u) = for u 2 



Similarly, 



sup \h u \ < max{9max|/'|,36rnax|(/|.} 

A(§,2r) ' D 2r 



sup < max{9max|/'|,36max|(/|.} □ 

A(§,2r) D 2r -D 2r 



In particular, let (f(x),g(yj) — (x,0), {0,y). We see that K t is smooth as a map 
to C 2 . n t is a diffeomorphism when |a;| =/= r, and K t " 1 (0,0) = {(x, | \x\ = r}. 
Choose a Hcrmitian metric fit on B eit t such that it is induced by inclusion in C 2 
on £?2r,t and Kt is an isometry outside B^ r , t . 

We now have a family of prestable bordered Riemann surfaces of type (g, h) with 
(n, rh) marked points 

A t = (X t , B; p; q 1 , . . . , q' 1 ) 
together with a family of admissible metrics h t on S t such that 

(1) There are strong deformations n t ■ A t — > A such that on K 3r (T<), where 
r = \f\t\, k^ 1 is defined and is an isometry. 

(2) j = (k^ 1 ) jt on i^3 r (S), where jt is the complex structure on S t . 

Let D.2 /9 = {t ei ®e 2 \ \t\ < ej/9} C T Sl S®T S2 E. Themap D e 2 /9 -» M( 9 , fc ),(n,ra) 
given by tei <g> e 2 i— > A t defines a parametrized curve in M^ gt h),( n ,m) whose tangent 
line at A = A is T Sl S <g> T S2 S C ^interior- 

Let T) = (vi, . . . ,vi ) e i? P ,intorior, where v a £ V a = T Va t <g> r rio+a E. Applying 
the above construction to each interior node on E/£ j0 ,o), we obtain 

\i,vfi) = (^(1,77,0)) Bjpjq 1 , • • • ,q' 1 ). 

Given < d\, . . . , di < e 2 /9, let D(d\, . . . ,di ) denote the polydisc D c i 1 x . . . x Dd lQ 
in H Pi interior, where Dd a is the disc of radius d a centered at the origin in V a . We 
have a family 

(ir:C^B 52 x D(d u . . . , d lo ); s; t 1 , . . . , t h ) 
of prestable bordered Riemann surfaces of type (g,h) with (n, m) marked points 
together with a family of admissible metrics fa(£ jJ? ,o) 011 ^(£,??,o)- There is a con- 
traction k '. C — ► X whose restriction to 7r — 1 77) = X^^fi) 1S a strong deformation 
Kr£ i ^ i o) : A(^ i7/i o) — ► A such that 

(f) K (l,v,o) is denncd 011 ^y^i^)' and K ilvfi) ° K («>°<o) is an isometr y on 

K 3^|( S (€.o,o))- 
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( 2 ) II 3- ( K (ln,o)) 3(tv) ||o-(x. 1 (E))=|| 3~ ( k (? ao)) 3(0 ||c~(jc. 1 (e))< 
C|£|, where j(£,r/) is the complex structure on E^^). 

6.3.3. Smoothing of boundary nodes. Let s be a boundary node of E, and let i : 
B tl (s) — > C 2 be a holomorphic isometry such that 

i{B ei {s)) = {(x,y) G C 2 | xy = 0, |z| < e x , \y\ < ei,Tmx > 0,1m y < 0}, 

Let Si,S2 € E be the preimages of s under r : £ — > E. Up to permutation of 
Si, s 2 , there exist unique e\ € T S1 £, e2 € T S2 E such that (z o r)*(ei) = (1, 0) G C 2 , 
and (ior),(e 2 ) = (0,1) G C 2 . 

Given t? € T Sl <9E ® T S2 <9E, we have u = tei ® e 2 for some t£K. We construct A* 
as in Section 16.3.21 We have seen in Section l3~3l that there is topological transition 
when t changes sign. We may assume that At € ^(g,h),(n,A) f° r t > 0. 

Let r{ = (v[,...,v' lo ) € ^.boundary, where v' a , G . Apply the above con- 
struction to each boundary node on £(£ )?7)0 \, we obtain T,^^ ^ and X^^iy Given 
< d' h < ej/9, let D'{d' 1 ,...,d[ o ) = [0,4) x ... x [0,d' h ) C V x x . . . x V h . 

We have a universal family 

{ir:C^B S2 x D(d 1: ...,d lo )x D'(d' 1: . . . , djj; s; t\ . . . , t' 1 ) 

of prestable bordered Riemann surfaces of type (g, h) with (n, m) marked points 
together with a family of admissible metrics ^(£,77,7/) on T,^ v v ,y There is a con- 
traction k : C — > E whose restriction to 7r _1 (^. ry, rj') is a strong deformation 
K {Z,v,v') ' '),')') — > ^ such that 

(1) «^,,') is defined on Jf 3 a |+|t?/| (E), and o k ( ^ ,o) is an isometry 

( 2 ) IIJ-fe,,'))^"ll^(^(s))<^l- 

If we embed Ec in a complex projective space P^, then K(^ v ,ri') t is smooth 
as a map to P N , where t : E(j )T))7) /) — ► E^^/n is the normalization map. 

Given 61,62 > 0, choose 82 as before. Suppose that both max{-\/|<i a | | a = 
1, . . . , Iq} and max{-y/|c?' Q ,| | a' = 1, . . . , h} are less than ^j*. Then the image of the 
map 

i : B S2 x D{d u rf io ) x D'(d[, . . . ,d' h ) -> M (g 

given by (£,77,?/) 1— > A(£, lies in the neighborhood ?7(A, ei,e 2 ) of A in the C°° 
topology. 

6.3.4. ^4ciion 0/ i/ie automorphism group. We write for D(d±, . . . ,di ) and D^, 
for D^d'i, . . . , d\ ). In this section, we study the action of Aut A on B$ 2 x Dd x D' d , 
and the universal family over it. 

We first consider deformation within the stratum. Let irs 2 : Cg 2 —> B$ 2 be 
the universal family, so that ttJ 2 (£) = A^o.o)- Aut A acts on B$ 2 by j((f> ■ £) = 
(0~ 1 )*j(O- Therefore, it acts on the the universal family. Given <f> G Aut A, we 
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Figure 19. E = E 



(0,0) 





"(t,0) 



Figure 20. E( t)0 ) and E 



"(o,t) 



J (o,t) 



have the following commutative diagram: 

Cs 2 — - 



Cs 2 



4> '■ ^(€,o,o) ~~ * \^>-f,o,o) is an isomorphism. In particular, if E (AutA)o, then 
<j> : B$ 2 — » B,5 2 is the identity map, and we have the following commutative diagram: 



A (f,o,o) 

K (S,0,0) 

A 



A 



(1,0,0) 



K ({,0,0) 



A 



We now consider smoothing of nodes. Let ns 2 d d' '■ Cs 2 



d,d> 



B s , xD d x D',, be 



the universal family, so that itj 1 d d , (£, 77, 77') = A(£ ;I);I) <). Aut A acts on Dd x D^, by 
• (iei <g> e 2 ) = t(/>*ei <g> 0*e2- Given E Aut A, we have the following commutative 
diagram 



C5 2 ,dM 



T S 2 ,d,d' 



Bs 2 x D d x ZX, 



Cs 2 ,d,d> 

K 5 2 ,d,d' 



B S2 xD d x D' d , 



A 



A 



(4><,4>-v,4>-v') 



is an isomorphism. For example, the prestable bordered 



Riemann surface £ in Figure 15 has two interior nodes. The smoothing of the two 
interior nodes is parametrized by 77 = (771,772). Let E( 7)1; ^ 2 ) be the corresponding 
bordered Riemann surfaces obtained by smoothing the two interior nodes on E. 
E has an automorphism 4> of order two which rotates Figure 19 by 180°. It 



acts on 77 by • (771, 772) = (772, 771) and gives an isomorphism E(^ lj7?2 ) 
rotating 180°. The case 772 = is shown in Figure 20. 



J (V2,Vl 



) by 
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6.4. Local Charts. Let 

p=[(£,B;p;q\...,q fe ; U )] 

be a point in M( s ,h),( n ,rfi) (X, L | /3, 7, ^t), as at the beginning of Section l6~3l Consider 

L>„ : W^E, 9£, u'TI, (u| 9E )*Ti) -> Z7(E, A° 4 E <g> u'TI) 

for a large integer p. A°' 1 E®u*TX) is a complex vector space, but W^E, 9E, uTI, (u| as )*TL) 

is only a real vector space. Aut p acts on both W l ' p (^, <3E, u*TX, (u\gz)*TL) and 
(E, A 04 E (g) u*TX), and L>„ is Aut p-equivariant. 

Lemma 6.18. Let Im_D„ denote the image of D u . We can choose a subspace E p 
o/L p (E,A ^E®u*rX) such that 

(1) ImL> u + J Bp = LP(E,A°^ 1 E(g)u*rA). 

(2) E p is finite dimensional. 

(3) Elements in E p are smooth sections supported in K ei (T,). 

(4) E p is a complex subspace o/I/ p (£, A 0,1 £ <g) u*TX). 

(5) E p is Aut p-invariant. 

Proof. We first claim that given any a <E L P (E, A 0,1 £ (g) u*TX), there exists g € 
W^E^E.^T^Hgs^TL) such that a' = a - A,ff has support in K ei (E). 
Actually, there exists g' defined on A^e^E) such that D u g' = a on A?2 £l (E). Let x 
be a smooth function on E which is 1 on N ei (E) and on K2 €l (E). Let g = on 
AT 2ei (E), and on A^2 ei (E). Then a' = a — D u g is supported in K €1 (E). 

By Corollary l(j. 141 we can find a finite dimensional subspace E' of 
L P (E, A°' 1 E ® u*TX) such that ImD„ ffi J5' = L P (E, A°' 1 E ® u*TA). We may 
assume that £7' consists of smooth sections since any section in 
L P (E, A°' 1 E ® u*TX) can be approximated by sections in C°°(E, A°' 1 E ® u*TA). 
The above claim shows that we may assume that all sections in E' have compact 
support in K Cl (E). Let i? p be the smallest Aut p-invariant complex subspace which 
contains E' . Then E p satisfies (l)-(5). □ 

Let F p = L p (E, A° 4 E ® u*TX) n E^, where E 1 ^ is the orthogonal complement 
of E p in £ 2 (E, A° 4 E ® u*TX). Then E p is a closed subspace of 
£P(E, A 04 E <g> m'TI), thus a Banach subspace of L P (E, A 0,1 E <g> u'TI). F p ^ 
iP(E,A°^E(g)M*rA)/£; p . Let 

7T : i p (E, A '^ ® ii*TI) -> F p 

be the i 2 -orthogonal projection. (1) implies that iroD u is surjective. Multiplication 
by i preserves the L 2 inner product, so (4) implies that F p is a complex vector space. 
The action of Autp also preserves the L 2 inner product, so (5) implies that Aut p 
acts on F p , and ttoD u : W /1,P (E, <9£, u*TX, (u\ d ^)*TL) -> F p is Aut p-equivariant. 
Set iJ Pi ma P = Ker(7r o £)„). We have 

dimff p , map = p + N(l -g) + dimE p , 

where p = p{u*TX, (u\gj\)*TL), 2N = diniR X, and g is the arithmetic genus of 
Ec, as before. 

The infinitesimal deformation of the domain is given by 

V V 

Hp.aut = Ui © u v , 

i=l i' = l 
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where 

Ui = H°(Ci,T di (-x\ 4J) 

U V = H (t it ,dt it ,T ti ,(- P ( pi i ,),T dtif (-q(-...-qi ii )) 

Ui = if and only (Ci,x\,--- ,x\) is stable, and — if and only if 
(%> , Of , • • • , p^,), (q( q^., )) is stable. 

Let A = (E, B; p; q 1 , . . . , q' 1 ) as before. Then i/ p . au t is the tangent space to Aut A 
at the identity map. u is nonconstant on nonstable components, so 4> S Aut A i— > 
uo^ 1 induces an inclusion of vector spaces H paut C H praa _ v . Let iJ' map be the 
L 2 -orthogonal complement of H Ptetut in H pniap . Set 

-^p /3) domain X ^p,mapi 

^p = ^p, domain x ^p,map- 

With the above definitions, we are ready to state the main theorem of this 
section: 

Theorem 6.19. Let Mt g> h\ t (n,m){X, L | /3,7, /i) 6e equipped with the C°° topology. 
There are a neighborhood V p of in H' p such that Aut p acts on V' an Aut p- 
equivariant map s p : V' — > E p such that s p (0) = 0, and a continuous map i\) p : 
s- x (0) -> M (g)/i ) )( „ i ^)(X,L | /3,7,m) suc/i t/iat s" 1 (0)/Autp -> M( g)h ^( n ^(X,L \ 
(3, 7, /i) gives o homeomorphism onto a neighborhood of p in M( s> m t n ^\(X, L \ 

/•*)• 

(V', E p , Aut p, ijj p , s p ) is a Kuranishi neighborhood of p. 

6.4.1. Pregluing: construction of approximate solutions. In this section, we will 
modify u near nodes to obtain approximate J-holomorphic maps 

where the notation Yiu^^n was introduced in Section f6.3.1ll6~3.2llt).3.31 and will be 
used repeatedly in the rest of Section IB~4l 

We first consider a neighborhood of an interior node. We will follow the con- 
struction in |MSI Appendix A] closely. Recall that 

B eut = {(x, y)£C 2 \xy = t, \x\ < e x , |y| < ei}. 

When t ^ 0, we have 



11 1 ' ''^ X, x 



x e C, — < |af| < ei 



where \t\ — r 2 . We assume that r < ^. 

Let B ei = {x e C \ \x\ < ei}. Two nonconstant J-holomorphic maps /, g : 
B €l — > X such that /(0) = g(0) — p determine a stable map u : -B Cl ,o — » A defined 
by u(x, 0) = /(x), u(0, y) = <?(y). Suppose that the images of /, g are contained 
in the geodesic ball B Tl (x) with respect to gi, where r\ is the injectivity radius of 
(M,g x ). We define u t ■ B €ljt -> X by 



z, = expp ha [~^J ( exp p) 1 (/(*)) +Xi ^-^J ( ex Pp) Hff hQ) 
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where xi '■ C ~ > [Oj 1] is a smooth cutoff function such that 

1, if|z|>2 
0, if Ul < 1 



, v / 1, if kl >2 



Then 



|Vxi| < 2 



t\ j «(o,f)=s(l) if£<M<=£, 

Ut ) = ^ P if r>/F< |«| < Vr, 

u(*,0) = /(z) if2VF<M<ei. 



2 



Define / t ,gr t : B ei -» X by 

/ t (x) = exp p ^xi ^-^^ (exp p ) _1 (/(x)) 



. 9t (y) = cx Pp ^xi (exp p ) Hfffo))) 



Then 



9t(y) 



f(x) if 2Vr < \x\ < ei 
p if |x| < 0" 



if 2^ < k| < ei 
p if |x| < y 7 ? 

ft,g t determine a map u t : B Su o -» -X" defined by v t (x,0) = /t(x), w t (0,y) = p t (y). 
Define F t ,F : B ei -» X by / t (x) - cx Pp (F t (x)), /(*) = exp p (F(x)). Then F t (0) = 
F(0) = 0, and 

*i(*)=Xi (^) 



Lemma 6.20. 



Ft- F\\ w i, P(B )< Cmax|VF|rp : 



where C is a universal constant, and B 2 ^ — {x e C | \x\ < 2^/r}. 
Proof. F t (x) - F(x) = for \x\ > 2y/r, and for \x\ < 2y/r, 

\F t {x) - F(x)\ = |(xi (^) - l)F(x)\ < \F(x)\ < (max |VF|)|x| 



\V(F t (x) - F(x))\ 



>Xi(^)f ( x) + xi(^)vF(x) 

< -^=|F(x)| + |VF(x)| < 5max|VF| 

The desired estimate is obtained by integrating over B 2 ^, and noting that r < 1. 
□ 

We embed (X,gi) isometrically in M 1 for some large I. Maps to X can be viewed 
as maps to M 1 , so we may subtract one map from another, and define their L l p 
norms. 
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Corollary 6.21. 



v t -u ||wi,P(B ei )< C(max \Vu\)rp , 



w/iere C depends on the C°° norms of exp \ B (n l/x ) an d its inverse. 
Lemma 6.22. 

II dju t \\ L p< Crv 

where C depends on the C 1 norm of u, the C 1 norm of J, the C°° norms of 
exp \s ri (n l , x ) an d its inverse. 

Proof. For r < \z\ < ei, we have 

t 



u t yz, -J = ft(z), 

so BjUt(z) = for \z\ > v 7 ?. For r < \z\ < y/r, we have 



dju t [z,-] =djft(z) = dj(f t -f)(z). 



Let z = x + iy ,then 



2d Aft - f) 



d_ 

dx 



- dft +J (f) dft df j(f) df 

= J^(/t - /) + (Aft) J(/))^ + J(f)^(ft f) + (Aft) Af))-^(.ft - /) 

d 



< Ci(l + sup|J| + sup|VJ||/ t -/|)|V(/ t -/)|+C 2 sup|VJ||/ t -/||V/| 

< C 3 (l + sup | J| + sup |VJ| sup |V/||z|)|V(/ t - /)| + C 4 sup |VJ| sup |V.f \\z\ sup |V/| 

< C B |V(/ t -/)|+C 6 M 
Similarly, 



&Aft - f) 



<C 5 \V(f t -f)\ + C 6 \z\ 



The case ^- < |z| < r can be estimated similarly. Therefore, 

|| dju t \\ LP < C 7 (|| V(«t - u) ||iP +x/Fr^) < CW 

where C depends on the C 1 norms of u and of J, C°° norms of exp 1 |s ri (jv 1/x ) an d 
its inverse. □ 

We next consider boundary nodes. For t € [0, oo), define 

B+ t = {(x,y) e C 2 | xy = t, \x\ < e u \y\ < e^lmx > 0,lmy < 0}. 
Then for t = r 2 > 0, 



B 



ieC, — < \x\ < ei, Imx > 



Let B+ = {.t e C | |a:| < ei.Ima; > 0}. Let I ei = B+ n R, and I eut = B+ t n 
IxM. Two nonconstant J-holomorphic maps /, g : (£?+, J ei ) — » (X, L) such that 



o5 



/(O) = 5(0) = p determine a stable map u : (S^" ,/ ei ,o) — * P^>£) defined by 
«(a;, 0) = /(x), u(0, y) = g(y). One can construct u t : (B^ t>^i,t) ~ * P^-^) an ^ 
v t : (-B+ , J 6l)0 ) as before. 



Applying the above construction to each node, we obtain 

■ (^(0,?),?)') ' '^(O, 

: (E, 0E) -> (X, L) 

Lemma 16.221 implies 
Lemma 6.23. 

II djuntf \\l*<C(\ V \ + W\)* 
where C depends on the C 1 norms of u and J, C°° norms of exp \b (A^l/x) and 
its inverse. 

The linearization of dj^ at the stable W 1,p map v ViV > is 

D Vii v , : W 1 ^, 0£, v*^TX, (v r] rf\ a T.)*TL) -» L p (E, A^E ® <„,TX) 
Lemma 6.24. 

lim ||D || = || U« || 

(?7,77')-»0 

Proof. We have a bundle isomorphism 

P : (u*TX, (uU)*TL) - (y* tTJ /TX, (,;„,„, | 8B )*TL) 

given by parallel transport along the unique length minimizing geodesic from 
to Vrj^'lz). This also gives 

Pi : A x £ <g> -> A*E <g> w* ^TX 

and 

P{ = 7T o Pi o j : A * 1 !] <g> u'TI -> A° 4 E ® v* }7] ,TX, 

where i : A 0>1 E ® w*TA -> A 1 !] ® tt'TI is the inclusion, and vr : A 1 ^ v* v ,TX -> 
A° !l E (g) v* ,TX is the projection. P , P x induces 

*U',o : ^(E^E^TX, K.'las)*^) -> VF 1,P (E, 9£, u*TX, {u\ 9 ^)*TL) 
P V:V , A : L p (£, A '^ ® u'TI) L P (E, A° 4 E <g> v* n ,TX) 
Define 

= ° D u o P-i, : W^&dE^TX, (v v . v ,UTTL) 

-> Lf(S,A°^E®«; v TA), 

then 



f ^nm 11 ^*' 11 = 11 Al 11 • 
(tj,7j')-»(0i0) 

From Lemma f6. 121 we see that 

II ( D v V:n , - D' V , V ') W II < ^2 II u-v^ \\ c a\\ Vw Ik" + II w lie II du-dv v rf \\ LP 
< C 3 \\ u - v, hV , \\ w i, P \\ w \\ w i, P 
II D <W _ II ^ C3 || w - *W llwi.p 

which tends to as (77, rj') — ► (0, 0). □ 
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6.4.2. Gluing: construction of exact solutions. The goal of this section is to con- 
struct a local parametrization of solutions to n o djv — near the approximate 
J-holomorphic map u rhV i constructed in Section 16.4.11 The main result in this 
Section is Proposition 16 . 321 

Let B$ 2 x D(d%, . . . ,di ) x D' '(d' 1: . . . ,d\ ) be the neighborhood of the origin 
in Hp domain as in Section [6.3.31 We write Dd for D(d\, . . . , <i; ), and D' d , for 
D'(d[, . . . ,d' h ), as in Sect ion IS. 3. 41 We have seen that there is a family of prestable 
bordered Riemann surfaces 

{tt:C^B S2 x D d x D' d ,;s;t\...,t h ) 

of type (g, h) with (n, m) marked points, together with a family of admissible met- 
rics, such that 7r -1 (0) = S. There is a map C — > S whose restriction to each fiber 
of 7r is a smooth strong deformation K^ 717 y^ : Ag,^,^') — > A. 

Let B be the image of the map i : B$ 2 x Dd x D^, — » M( Si h),(n,i7s) given by 
(C; 7 ?! 7 ?') I— * A(^^ >r? '). Then £> is a neighborhood of A in the C°° topology. Us- 
ing the family of admissible metrics, we define Wb = Ua'gbW 7 ^- Let Ms = 
M (9 ,fc), (ri ,M)(^,i|/3,7,M)nW r B. ThenpeAf B . 

We have a Cartesian diagram 

> W B 



B 52 xD d x D' d ,= B — ^ B 

Let S : B — ► be given by (£, 77, 77') 1— > 1^77,77' • 

We first extend £ p C i p (S, A ' 1 !! it*TX) to a trivial bundle over S({0} x 
Dd x D' d ,). Recall that elements in E p are supported on i£" £l (£). Since v VlV / = u 
on K ei (H), E p can be viewed as a subspace E v . v > of L P (S, A ' 1 ^ ® ?j* ,TX). Let 
i^^/ be the L 2 -orthogonal complement of £77,77' in £ p (£, A° :1 E ® w* ,TX), and let 

tt,,,,/ : A° a £ ® ^/I) - F„,„, 

be the L 2 -orthogonal projection. Then for sufficiently small rj, r/' , 

n VtV , o D Vv v , : W x *{^dZ,vltfTX, (v v , v \ dl: )*TL) -> 

is a surjection. Let H^rf) = Ker^^/ oD^ ^, ), and let i?i « be its L 2 -orthogonal 
complement in W 1,p (£, <9£, w* V ,TX, (v v , v i\qs)*TL). Then we have an isomorphism 

7T?7,?7' O D v ^, : -H^' — > £77,77' 

whose inverse is 

Qj),?)' : £77,77' * -^77,77' 

We have 

= * o Q v<v , : -» H^ 1,P (E, 0E, dJ^TI, | 9S )*TL) 

where 

* : H^ ry) -> lf^(E,3E,«;/I, K,^|a E )*TL) 
is the inclusion. Q is a right inverse of tt^' o Z)„ , . 

By Lemma 16.241 we may choose d, d' sufficiently small such that Q n . n ' exists and 
II Qrj,rj' || < M for all (77,77') £ Dd x D' d ,, where M is a constant. 
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We now extend E -> 5({0} x D rf x D' d ,) to a neighborhood C/^ of S(B) in 
Let p' = (A( ? ^^,),/), where / : (E( SiTJiT( /), 5E K) ^)) -> (X,L) is a stable W 1 '* map 
such that 

sup di(u v rf(z),f(z)) 

S (5,i7.>?') 

is less than the injectivity radius of g\, where d\ is the geodesic distance of g\. 
We have a bundle isomorphism 

P : (u^TX, (utmIbe^^TTL) -> (fTX, (/| eE(£ „ ^ )*TL) 

given by the parallel transport along the unique length minimizing geodesic from 
u r h ri'{z) to f(z), which gives 

P 1 : A^^^j ® u* rhn ,TX - A^^,) ® /* 
P{ = rr o P l o i : A 0,1 E( ?i ^^/) <g> u* )V TX -» A ' 1 E (Si ^ iV) <g> /*T1 

where i : A^E^^/j <x> u* ,TX — > A 1 E(^.^^') ® u* ,TX is the inclusion, and 
A 1 E(^ i7J)7 j/) ® /*TX — > A 0,1 E(f i7J)7 j/) ® /*TX is the projection. We have 

P : ^(Sf^^j.A^SK,,,,^^;/!) -> L^E^^.A '^^^) ® f*TX). 

Let -Ep' = P-Ep = Bp. Then we have a trivial bundle E — > f/g together with a 
trivialization $ : £ = f/s x E p . 

Let Fp/ be the L 2 -orthogonal complement of E p i in L P (Y,^ _ v ^n, A 0,1 E(£ _ v ^ ® 
/*TX), and let 

V = £ P (%W)> A °' 1S (e,™') ® /*TX) -» Fp. 

be the L 2 -orthogonal projection. 

We will use Qn,n'i the right inverse of tt^' ° D v , , to construct an approximate 
right inverse Q{^^ } of 7T Ce , w) o D^^^^,, where tt (S)I))J)0 = ^(a^^,,, «„„,)> 
and D^ >r]>r] t^ u , is the linearization of 5j.h (5 at u^,,/. We will use the cutoff 
function constructed in [MSI A.l]. The construction in this section works for W 1:P 
but not for general W ,p . 



Xr(z) 



Lemma 6.25. For any r € (0, 1), there is a smooth cutoff function \ r : C — > [0, 1] 
such that 

1 if \z\ < r^fr 
if|z|>r 

47T 

\z\<r l lo g r l 

Proof. We will follow the proof of jMSl Lemma A. 1.1]. We first define a cutoff 
function of class W 12 by 

!1 for \z\ < ry/r 

2 " : ) for r ^ <\ z \< r 



Then we have 



\V(3 r (z)\ 



for \z\ > r 



|«| | log r| 
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for r^fr < \z\ <r, so 

IVA-WI 



2 4tt 



/rV?<| 2 |<r |l0gr|" 

To obtain a smooth function Xr, take the convolution with 4>n{z) — N 2 (j>(Nz) 
where N is large and <fi '■ C — > K is a smooth function with support in the unit ball 
and mean value 1. □ 

Let p > 2 be fixed as before. 

Lemma 6.26. For every r G (0, 1), there exists a smooth cutoff function \r '■ C — > 
[0, 1] as m Lem,ma \ff.25\ such that 

|| (Vxr)w || L p< C II w || w i. P llogrlp" 1 
/or any uj € W 1,P (C) wiiA w(0) = 0. 

Proof. It follows from the proof of |MSI Lemma A. 1.2]. □ 

We now look at the local model of an interior node. Let u : B ei — > X be a 
stable map, and construct smooth maps u± : B tlt — > X, u< : -B £lj o — > A as before. 
We now define linear maps 

et : L p (£ 6l>t , A ' 1 ^ ® u* t TX) -> L p (S ei , , A ' 1 ^,,, ® <TA) 
ft : W 1 *(S eil0 ,t;?TX) -> W^(B ei , t ,u*TA) 
Given s G L p {B €uU K°' l B eut <g) u* t TX), we define 

e t (s) g L p (S eii0 , A 0,1 5 eii0 ® v* t TX) 

by 

|) if r < \x\ < ei 
if |a;| < r 



e t (s)(x,0) 



H ,[V,y) { if <r 

The above definition is valid since 

V '*/ l v t (z,0) ifr<\x\ <ei 
Given ui G W 1,p (B eii o, <TX), we define 

g t {w)eW x *{B euU u* t TX) 

by 

f u>(*,0) if \A < ei 

( t\ _\ w(z, 0) + (1 - Xr(f ))(w(0, |) - w(0, 0)) ifr<|z|<V^ 
ft(^) w(0j i) + (i _ 0) - w(Q, 0)) if < \z\ < r 

[w{0,%) if£<|*|<»Vr 

Lemma 6.27. If s £ L p (B eitt ,A°> 1 B eitt <g> u*TX), w G W /1 ' p (i? ei ^o, vfTX) satisfy 
D Vt w = et(s), then 

II D u t 9t{w) - s ||ij>< C || id ||v^i,P (| logr|p _1 + || u || w i, P r») 
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Proof. Wc have 



D Ut °9t(w) z,- 



t 



D Vt w(z, 0) = e t {s)(z, 0) = s(z, §) for ^ < \z\ < a, 



zj L D vt w(0, !) = e t (s)(0, |) = s(z, i) for r - < \z\ < r^. 
We now consider r < \z\ < \/r. We have 

D Ut °9t(w) (z, * ^ 
= A, t w(z,0) + £>(i-Xr ^j)W0,^)-w(0,0)) 
+ (1 - Xr )(A, t w(0, -) - D vt w(0, 0)) 



where D is a derivation, so 



|£(l-Xr(-])|<Cl 



We also have 



and 



D vt w(z,0) = e t (s)(z,0) = s(z, -), 

z 

A*w(0,-) = e t (a)(0,-)=0, 

z z 



|A, t w(0,0)| < C2||wt|| w i,pK0,0)| 

< C2 II Vt llvv 1 '?!! w lie 

< C3 I) vt ||h/i,p|| w |jn/i,p 



Let ho be the metric on A(r, y/r) given by A(r, y/r) C C, and /ii be the metric on 
A(r 7 y/r) given by the embedding z G A(r, y^r) (z, -) e C 2 . Then 



/ii = 1 + 



so ho < hi < 2ho. To estimate the L 1 ^ norm defined by any metric which is an 
interpolation of ho and /ii, it suffices to calculate in h - 



t t i 

\D Ut o g t (w){z, -) - s(z, -)\ p -dz A dz 

r<\z\<Vr Z Z I 



< c\ 

+C 4 II vt \\l 







V 


1 






ly/r<\z\<r 







w(0, -) - tu(0,0) 

z 



— -az A az 
2 
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where 

f v X , (-) P \w(0, -) - w(0, 0)|" (fr) P -dz A dz 



I 



P f\y\ 



\VXr(y)\ p \w(0,y)-w(0,0)\ p [ f) ^dyAdy 



2p-4 



r\fr<\y\<r 

|V X r(y)| P k(0, y) - w(0, 0)\P l -dy A dy 

T^/r<\y\<r * 

< CsH^H^Ilogrl 1 -" 
We finally consider the case r^/r < \z\ < r. Let y = |, then r < \y\ < \pr, and 

9t{w)(^z,^j = g t (w)(j-,y 

= 117(0, y) + (1 - Xr °) - w (°< 

which is the same as the case r < \z\ < y/r. So we conclude that 

II D u t gt{w) - s \\ L p< C II w \\ w i, P (| logr|p _1 + || u \\ w i, P rp) 
since Vt converges to u in W x ' v norm. □ 

We next look at the local model of a boundary node. Let u : {B~£ ,/ eij o) — * 
(X,L) be a stable map, and construct smooth maps u t : t ,I ei ,t) — * 
u 4 : (B+ ,7 eii o) — > (X,L) as before. We define linear maps 

e t : L P (B+ t , A ' 1 ^ ® <TX) -> , A 0,1 B ei;0 ® <T1) 

5t :^(B+ 0) / £l ,o,<TI, (« t |7. 1 ,o)*T£) -> W 1>p (B+, t ,/ ei ,t,« t *TX ) K| 7ei , t )*TL) 
in exactly the same way as for B €ltt , B ei $- Then we have 

Lemma 6.28. If a € ^(B+.A^B^^^n), «; e W 1 -? (B+ , J ei , , ^*TX, N/ ei , ) 4 
satisfy D Vt w — e t (s), then 

II D u t 9t{w) - s ||lp< C II «; Hw-i.p (| logr|p _1 + || u \\ w i, P r»). 

We now apply above construction to each node to obtain linear maps 

e n , v , : ^(E^,), A ' 1 ^,^) ® <,,JX) - L P (S, A ' 1 !] ® d^TX) 
^ : W 1>P (E, AS, «;,,TI, K, v |as)*TL) 

-» VK 1 ' p (E( , r) , r) '),9S (0 ^^/ ) ,u* ^,TX, (u^^'lasfo^^,))*^) 

Let 

^(O.r/.r/') = 9v,V' ° Q'?,'?' ° ° ( e »M7' l-F„,„' ) 1 

-> W 1 ' p (E( 0tVtV ,),d'E( 0tVtV ,-),u* ri ,TX, {u 7l ^i\aY. i0 ri , n , ) )*TL). 

The operator norm of Q^ Q has a uniform bound independent of rj, rj since that 
of Q^ l?7 ' has a uniform bound independent of r],r)'. We now show that Q'^ ^ ^ is 
an approximate right inverse of 7T( 0;I);I) ') o D^ 0tVtV >-j tU . 
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Proposition 6.29. 

II [H0,V,V') ° D (0,r,,r,'),u v , n , ° Q{a, V , V >)) S ~ S \\lp< C(| log(|r?| + |7/'|)|* _1 ) || 8 \\ L v 

where C depends on || u ||vyi>j>- 

Proof. Let p(rj,rf) = (\o,ri,Ti'),Ur,,r,')- Given s € F p(r ,,r,')i let 

<Si ^t\^t\' ° ^77,77' (^) ^ ^77,77' 1 

ii = e^,?7'( s ) " s i £ ^W> 

w = Q^/(si)eW ,1 ' p (E,aE,t;*,,TA:,K^|8E)*TL) ) 

then 

7177,77' D v^ v ,w — sx — e-n,v'( s ) ~ h- 
so £)„ v ' w ~ e n-v'( s ) + ^2 for some £2 € E 7h ,y . There is a unique £ € E p ^ vri ^ such 
that e Vl r,'(t) = t<i. We have 

so by Lemma E23E2H1 

II %,,rt,v°^W -(« + *) llw( K -;, (J v ei (i:))) 

< & 11 w (1 mm + ivdi^- 1 + (hi + h'|)*) 

where Ci depends on || u Ww 1 ^- 
We have 

^(0,77,77') D (0,77,77'),^,,/ Q»j,*j' s - s = ^(0,77, 77') (-0(0,77,77').%,,' SW ("0 ~ ( s + *)) 
II w II W 1 -* = II $77,77' Krirf e V,V'( S ) Ww 1 ^ 

< C 2 II vr, ):?) / o e ?) ^-(s) || £ p 

< C 3 ||«||iP 

So 

II H0, V , V ') ° 0(0,77,7,'),^,^ 0(0,,,,')* - S 11^(^,(^,(2))) 

< c 4 (|io g (H + |7 ? '|)|l- 1 + (1^ + 1^1)*) iuiu* 

< Csllog^l + lr?'!)^- 1 \\ S \\ LP . □ 

Let 

P{€,V,V') : LP ^{(,,V,V')^ ' 1 ^ , {(,:V,V')® U *ri,ri' T X ) ~* £ P ( E (?, 77,77') ) ^ ' ^(O.t?,?;')®^* ^iTX) 

be the map determined by the bundle isomorphism Poi : A 0,1 !]^^/) — > A > Em,^'), 
where i : A 0,1 E^ ^ — > A 1 ^^ ^ == A 1 E( ^ is the inclusion, and P : A 1 E( v - 
A^E 

(o.t), ?)') is the projection. Let 

0(«,77,77') = 9';,';' n v,v' ° e v,v' ° (P(i,v,v')\ F ie, v ,v'^ : F i^,r,') 
- W 1,P (S(c,,,,o. flE «,^).«;,i J ' TJf .K^I«=«,,.,o)* Ti ) 
where %„,„/) = ^(A {t ,,, v ,,u,, ¥ ). We have 



(i2 



Proposition 6.30. 

|| (ir(^) %W),u,y°Q(u^)) s " s + 1 MM + b/l)l* _1 ) II s \\l> 

Proof. We identify 

wl,v ( E (t,ri,ri')> d ^(t,Ti,ri')> u n,'n' TX > ( u fi,v'\as Kiri>ri , ) )*TL) 

with 

W 1 ' p (T,^ iTltri >),d'£(o iri rf),u* tn ,TX, |a 2(0ii)ij)/) )*TL), 
and embed both 

and 

i P (S(0,r,,r,')^°' 1S (0,r,,r,') ® u ^, n 'TX) 

into 

We extend the domain of Q', ,j to L P (E( , A 0, 1 E( ^^') ®m* v ,TX), and that 
of Q'^^^/) to i p (S( , n tf), A 04 S(o : , ): ,,') ®u* ri _ ri ,TX). In other words, we have 

With the above understanding, we have 

( v d,v,v') ° D (i,v,v')^, n ' ° < 5'(«,'7,'?')) s ~ s 
= {^(s,n,n') ° %,™').«„.y ~ n (o,n,ri') ° D (o,n,n').%,y ) ° ^(£>W) S 
+ ( n (o,v,v') ° D (o,v,v'),u VtV , ° <3(o,'m')) P(C,>?,>7) S ~P(S,v,v) s 

where 

II ^tf.W) ° £) (£,i),i7'),«,,V ~~ 7F (0,»?,»?') ° D (0,T,tf),u v>rl , \\< ClICI, 

|| p {tnin) -Id\\< C 2 |£|, and || Q' {( n nl) ||< C 3 |£| for all (£,77,7/) e S 5a x D d x D> d „ 
We also have 

II ° ^(0,-?,-?'),%,,' ° ^(O.tj,^)) P«,'7,'7) S -PK,^) S II 

< C 4 (|log(H + |r ? '|)|?- 1 ) \\ P{e>n , n) s\\ LP 

< c 4 (|io g (H + l'/l)l'" 1 ) 

where C4 is the constant C in Proposition ^. 301 Therefore, 

II i^d-v-v') D (i,v,v'),^. v , QU,v,v')) s ~ s I' iP 

< (dC 3 + C 4 + C 2 )(|£| + I log(M + ivdi?- 1 ) || s \\ L * . □ 

Corollary 6.31. There exist 62, di, ■ . ■ , di , d^, . . . , > s«c/i i/iai /or every 
(£, 77,7/) S i?5 2 x D d x L>^, f/iere is a rig/ii inverse Q(£,r,,r,>) °f 7r ^,n,n')° D (^,v,n')^ v ^ 
such that the operator norm \\ Q^ n n i) ||< C for some constant C. 
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Proof. By Proposition 16.291 there exist 62, di, . . . , di , d'i, . . . , d' tl > sufficiently 
small such that 



L" 



for any (£, r), rf) € B &2 x D d x 

Let A£ )V tf = n^ tVtV >) o D^^^^, o ^ ?/) - 7, where 7 is the identity map. 
Then || A^^' ||< i, so 7 + A^tf is invertible and || (I + A^ >v>ri ') ||< 2. Let 
Q(£,v,n') = Q'(£,ri,ri') (I + ^.m') -1 ) then Q(Z,r),r)>) has the desired properties. □ 

Let #2, di, . . . , di , d[, . . . , d' tl be chosen as in Corollary 16.311 Then v ^ o 
D(£,rj,ri'),u , is surjective for (£, 77, 77') G Bs 2 x D rf x D^,. We will construct a linear 
isomorphism 

: KeT ( n AO — * Ker ( 7r (?,-7, I ;') %,7?,»7'),«„,„')- 
Given w € W /1,P (S, <9£, u*TX, (u\as)*TL), we will cut it off near nodes to obtain 

5(0^r,') H G W /1 ' P ( S (0 : » ): , ) ') , 0S(o,,,^), U* V . V ,TX, (Ur,,r,< \ds)*TL). 
We first look at the local model of an interior node. Let u : i? £l ,o X be a. 
stable map. We have constructed smooth maps u t : -B £l ,t — > X for small £ € C such 
that 

u * I 2 ' 7) = \ V if rVr< M<Vr. 

V y [ u(«,0) if 2^< |*| < ei. 

where p = u(0, 0). 

Letr = ^/|t[ as before, and set s = (4r)s. For we W^T^o, 11TI, (u\ aBci , )*TL), 
define £ W 1 *^,*, u*TX, (u t \ 9Bti t )*TL) by 

* A / (1 - X.(|))w(0, |) + )PW«i(0, 0) if £ < |z| < r 



" W { (l-Xs(z))w(z,0) + Xs(z)P(z)w(0,0) ifr<|z|<ei 

where Xs is the cutoff function in Lemma |6. 2 51 and P{z) is the parallel transport 
along the unique length minimizing geodesic from p to Ut(z, -|). We have 

f «,((), i) if ^ < kj < 2-frf 

w t U,-j = < P(z)w(0,0) if^<|z|<2V^ 
[ w(z,0) if (4r)i < |z| < e x 

We apply above construction to each interior node and similar construction to 
each boundary node to obtain a linear map 

9(o, v , v <) ■ W^CS,dE, U *TX, (u\aT,)*TL) 

which can also be viewed as a map 

: W^i^d^^TXAuUYTL) 

-> W 1 ' p (T, { ^ ri ^ ) ,dT 1{( ^ rilh u* vv ,TX, (unrflds^^fTL). 

The restriction of g'^ ,j to Ker(7r o T>„) is injective by the unique continuity 
theorem ( \Ax\). Lemma T6.26I implies the following estimate for w G Ker(7r o D u ): 

II Ht,V,rn ° D «„,„, ° 9[t,V,V , ) W Ww^P< + l0g(|»?| + l^l)^" 1 ) II ^ IIWL* • 
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Let 

= ( Id ~ Q($,n,n') ° m,v,v') ° - D (?,<?,'?'),%v ) ° 9(z, v , v >) 
Then i(^ v ,n>) ■ Ker(?r o D u ) -> Kerfr^^ o% M '),^„,) is injective for (£, 77,77') 
sufficiently small. It is actually a linear isomorphism since 

dimKer(7T(j ) ^ ) ^') o D^^,ri'),u v ,) = IndZ3 u + dimi?p = dimKer(7r o Z3 U ). 

We are now ready to find exact solutions near the approximate solution Un,n'- 

Proposition 6.32. There exist S2, di, • • ■ , di , d' Xl . . . , d'^, e±, 62 > sufficiently 
small such that for all (£,77,7/) G Bg 2 x Dd x Dd>, if 

w G Ker(7r (CiJ , it? /) o D^^^ ^,), \\ w \\ w i, P < ei, 

then there exists a unique 

h(Z, v ,T/,w) e Z?(£«,™ ,A°£_ W) ®<^TX) 

^,77,77') 9j,B K(tijt)/) exp Uj? v (w + Q((, v rf)h(£, 77, 77', w)) = 

and 

II h(^V,v',w) \\ LP < e 2 . 

Proof. We assume that (£,77,77') G 5a 2 x Dd x D' d ,, and || w ||iyi.p< ei, where 02, 
d = (dx, . . • , di ), a" = (c^, . . . , d\ ), and ei will be determined later. 

We will use Newton's method to find h(£, 77, 77', ttj) as in |MS1 Theorem 3.3.4]. 
For convenience, write v for u VtV >, Q for Q(£ lT)jr) '), 8 for 9j,s tt /3 - Set ft-o = 0, and 

/l n+ l = /i„ - P n o 7T o dexp^W + Q/i„) 

where P n is the parallel transport along the geodesic t G [0, 1] 1— > exp l) ((l — 7j)(?/j + 
Qh n )). Let £>„ denote the linearization of dj^^ ^ at tj„ = exp^iy + Qh n ), and 
write 7r„ for 717 \ , „ \. We have 

P n+ i otto dexp^T/j + Qh n+ i) 
= P n+ i ofo 8exp v (w + Qh n - Q o P„ o it o 9exp^(w + Q/i n )) 
= P„ o 7r o 9exp 1 ,(7ij + Q/l„) 

-P n ° Tn ° L>„ (dexp„)(u; + Qh n )(Q o P n o n o dexp v (w + Q/i„)) 

+P(7r o dexp^tu + Qhn)), 

where 

|| i?(vroacxp t ,((7i; + Q/7„) || LP < Ci || vr o dexp v ((w + Qh n )) 

|| P n oir n o D n o (dexp v )(w + Qh n ) - noD^ VjV ^ jV \\< C 2 (\w\ + \Qh n \). 
Therefore, 

|| 7ro 5exp t ,(7ij + Qhn+x) \\ L p 
< C 3 (|| Til || c o + || Qh n llco + I) 7T o dexp v (w + Q/i n ) || LP ) || 7r o dexp„(w + Qh n ) \\lv ■ 
We also have 

n-l 

fan = - ^ -Pfc 8exp v (w + Qh k ), 

k=0 
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SO 

|| 7r o Be?q> v (w + Qh n+1 ) \\ LP 



< C*3 I II if llw 1 ^ II ^ dexP-ufw + Qfofc) ||lp J || ndexp v (w + Qh n ) \\ LP . 

\ fc=0 / 

Let a n —\\ 7r o dexp v (w + Qh n ) ||lp> and b =|| w ||vyi, P > 0, so that 

We will show that ao,b < =>■ a n +i < 2 a «' We P rove by induction. For n = 0, 
we have 

ai < C*3(& + a )a < C 3 (^T + -j^r) a o = < ~a . 
Now suppose that a n +i < a n for n = 0, 1, . . . , m. Then 

m+l 

< 2a , 

SO 

< C3(^ + 2ao)a m +i < C3 — — + — — - I a m +i = — a m +i. 



6C3 3C 3 



Let D = D(£ )7J)7; ,) )tw . Then 



7T O C^exp^ W = 7To9ll + 7TO DlD + R(w) , 

where || ||lp< C4 || w \\c°\\ w II w 1 ^; ajidnoDw = 0. The proof of Lemma 

can be modified to show that 

\\*°Bv\\„<c s (\z\ + (\n\ + \r/\)%). 

So 

a = || 7ro dexp^ w \\ LP 

< C 5 (\£\ + (\ri\ + \ri>\)^)+C 6 \\w\\ 2 wl , P 

< C 5 (s 2 + (\d\ + \d'\)^ +C 6 el 

which is less than — =7^ for sufficiently small S 2 , d, d' , ei. b =|| w ||vin.j>< ei, which is 
also less than for small ei. So if (52, e?, c£', t\ are sufficiently small, /i„ converges 
uniformly in L p norm, and the limit h(£, T), 77', w) satisfies 

7r o dexp v (w + Qh(£, 77,77', = 0, 

|| hfari,rf,w) \\lp< 2a < 2C 5 (5 2 + (\d\ + \<f\)&) + 2C 6 e?. 

This proves the existence of h(£, 77, 77', w). 

We now turn to the uniqueness of h(£,7),rf,w). Write si for h(£, 77, 77', w), and 
suppose that s 2 satisfies 

7T o <9cxp„(7ij + Qs 2 ) = 

and 

II s 2 \\ LP < 2C 5 (S 2 + {\d\ + |d'|)*) + 2C 6 el 
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Let Pi, P 2 denote the parallel transports along the geodesies t € [0, 1] 1— ► exp K ((l — 
t)(w + Qsi)),exp v ((l — t)(w + QS2)), respectively. Let P' denote the linearization 
of <9/s,, /> a t v' = exp„(w + Qsi), and let ir' denote ir/\ , ,,/\. We have 

= P 2 o 7r o Bexp v (w + Qs 2 ) 

= P 2 o 7T o Bexp v (w + Qsi + Q(s 2 - si)) 

= Pi o 7r o 9exp, u (ti; + Qsi) + P x o n o P' o (dexpj(7i; + Qsi) o Q(s 2 — si) 
+P(s 2 - Sl) 

= Fiott'oD'o (dexpJO + Qsi) o Q(s 2 - s x ) + P(s 2 - si), 
si - s 2 = (Pi on' o D' o (dexp v )(w + Qsx) - it o P) o Q(s 2 - s x ) + R(s 2 - s x ), 
where 

|| Pi0 7r'oP'o(dexpJ-7roP ||< C a (H + 

and 

II R(s 2 - si) \\lp<\\ s 2 - Sl . 

So 

|| «1 - S 2 ||lp < C 7 (|| W Ww^p + || Sl \\lp + || S 2 \\ L p) II Si - S2 \\lp 

< C 7 (ei + 4C 5 (j 2 + (M| + |d'|)*) + 4C 6 e?) || Sl - s 2 \\ LP , 

where 

C 7 (ei + 4C 5 (<5 2 + (Ml + |d'|)^) + 4C 6 e?) < 1 

for sufficiently small (5 2 , d, d', ei. We conclude that si = s 2 . 

The proposition is true if <5 2 , di, . . . , d; , rfi, . . . , dj , ei, e 2 > are chosen such 
that 

C 5 (s 2 + (\d\ + \d'\)^) + C 6 el<^-, £1 <^-, 

C 7 (ex + 4C 5 (tf 2 + (|d| + |d'|)*) + 4C 6 e?) < ~ 
and e 2 = 2C 5 (<5 2 + (|d| + |d'|)*) + 2C & t\. □ 

6.4.3. Kuranishi neighborhood. Let S 2 , di, . . . , d; , d' l7 . . . , dj > be chosen as in 
Proposition 16.321 Let Vp. map C P^map = Ker(7r o P u ) be a neighborhood of the 
origin such that 

II Hi,v,v') w \\w 1 -p< ei for all w £ V^map, (£,77,7/) € P,5 2 x D d x P^,. 
Write P for P<5 2 x P^ x D' d , , as at the beginning of Section T6. 4. 21 Define a map 
tp : P x V p 

,map 

,77,77')' U (?,r/,r/' ,w) )] 

where VVs is defined as at the beginning of Section ^. 4. 21 and 

Vi V i J (f ,77,77' )W)) . 

Then 

7T(A (5 , IjV): « (5 , 9j,E (4> , iV) «(f )7))7 ,',ii;) = °> 

so (£,77, 77', w) i-> <9j iS(5 it) ^ iJ7 / )W ) defines a map s : P x V^^nap -> P p such 
that 7/!(s _1 (0)) C M( gh y( ni7l ^{X,L \ /3, 7, Actually, ?/;(s _:L (0)) contains a 
neighborhood of p in M( 9 ft ) („ ^) (X, L | /3, 7, /i). To see this, note that any 
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p' £ M(g t h),( n ,m) (-X'i £ I /3)7>m) which is sufficiently close to p in C°° topology 
can be written in the form 

P' = ( A (?,r,, I? ')' eX P S ,, / H) 

where w € ^' p (%,y),9S( Ut) '),«;,,Tl, (^^| 9Sk>im() )TL) is small. There 
exist unique w € Ker^^/) o D^^,)^^,) and ft e ^(S^^,), A 0,1 E( e ^^/) <g> 
u* V >TX) such that u> = ?x>o + <3 (£,77,7/) ft- We may further assume that w is so small 
such that wq — i^ v rj/ )Wi for some w\ S Vp, map , and || ft ||lp< £2- Since 

we have ft = h(£,r),rf ,Wo) by the uniqueness part of Proposition 16.321 So p' = 
?7, »/, wi), and s(£, 77, 77', W%) = 0. 
Now assume that A is stable, so that Aut A is finite, and Vf, = V P:inap . Then 
there is an isomorphism (ft : A(^ i r)1?) j) — > ^(^ 2 ,n2,n' 2 ) ^ an< ^ onr y if (£2,^2,772) = 
(</>' • £i,</>' • 771 , <^>' • ry^) for some 0' € Aut A, and the action of 0' on the universal 
family restricts to (ft on A(^ li?n i) j). We may choose B, V^ jmap small enough such that 

if u (£,J7,J7',u)i) = u^-H^-nA-n'^) <t> for i^ 7 hv') € B, 101,102 € V^ map , € Aut A, 
then </) € Aut p. 

Given (ft e Autp and w S Vp imap , let (ftr£ iViV r\w be the unique vector in V^ jmap 
such that U(£ )7 , )77 / jtu ) o = u^^^^^^ ^^y Then Autp acts on B x Vp, map 
by 4> ' (£j ^'i w ) — {4* ' ^i4> ' Vi 4> ■ 7 /i0(£.r;.?7') u ')- From the above discussion, 
^(£i)f?i,»7i)Wi) = ^(6.»?2,J?2,^2) if and only if (6,772,772,^2) = 0- u> x ) 
for some € Aut p. Let Vp be an Aut p-invariant neighborhood of the origin 
in B x V P:map C Hp,domain x B p , map = B p . Let s p : V p -> B p be the restric- 
tion of s. Then s p is Aut p-equivariant. The restriction of -0 gives a continu- 
ous map tp p : sJ^O) -> M( 9ife ) j(n ^)(X, L | /?,7,p) such that Sp 1 (0)/Autp -> 
M(g,h),(n,m) (A, Z/ | /3, 7, p) is injective. It is actually a homeomorphism onto a 
neighborhood of p in M( 9j /jW ni ^\ (X, L \ /3, 7, p) since C°° topology and M^ 1 ^ 
topology are equivalent on M^ g ^^ n ^(X,L | /3, 7, p). This completes the proof 
of Theorem 16 . 1 91 when the domain A of p is stable. 

Remark 6.33. The section s in the above construction is only continuous, not 
smooth. It is not hard to show that it is smooth within the stratum, but its de- 
pendence on 77,77' is not even C 1 (see Lemma 1 6'. 23(1 . This is because the smooth 
structure of V p is canonical within the stratum but dependent on our particular 
gluing construction in the direction (77,77') transversal to the stratum. 

If A = (£, B; p; q 1 , . . . , q' 1 ) is not stable, we add minimal number of marked 
points to obtain a stable marked bordered Riemann surface 

A = (S,B,p;q 1 ,...,q' 1 ) 

where p = (pi, . . . ,p n+n ), = (<?!, • ■ ■ , O+A*)) Pn+i , • • • , Pn+h are additional 
interior marked points, and q l mi+1 , . . . , q l m i + ^ l i are additional marked points on B\ 
Note that when counting the above minimal number, an interior marked point 
counts twice, while a boundary marked point counts once. We have 

277 + 777 1 + • • • m h = diniR B P)aut . 

Let p = (X,u) £ M (gth) ^ n+ii ^ + ^(X,L | /3,7,p). Then Bp idomain = H p . domain 
and Hp ant = 0. If the additional marked points arc chosen in K 3 / \ d \ + \ d ,\ (E), then 
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the construction of \^, v ,ri') also yields deformation A(£ j?7jI) >) of A for (£,77,77') <= 
Bs 2 x D d x D' d , = B C Hp. domain = #p,domain- Both Aut A and Aut p are subgroups 
of Aut A, and Aut p = Aut A n Aut p. We may choose Ep = E p , so that ifp, map = 

^p,map, Hp Hp. 

There is a map 

F 1 II ( g ,h),(n+n,rn+^)( X ^ L I ^ ^ *0 ~» %,ft),(n,m) ^ I A 7, M) 

defined by forgetting jj„+i, . . . ,p„+ft, q m +i, • ■ • , 9m+ra and then contracting non- 
stable components which are mapped to points. We have F(p) = p. We will 
construct a multi- valued map A from a neighborhood U p of p in -M( s ,./i).( n .m)(AT, L | 
(3, 7, /j) to M (g h) {n+A iri+ ^ } (X, L | /?, 7, /j) such that F o A is the identity map, and 
A(p) = p. ' ' 

The additional marked points are on non-stable components, where w is not a 
constant. Let 2N be the dimension of X, as before. For j = n+1, . . . , n+n, we may 
assume that there is a geodesic ball in X centered at u(pj) such that its intersection 
with the image of u is an embedded holomorphic disc Dj, and u~ 1 (Dj) — > Dj is a 
trivial cover. u~ 1 (Dj) might consist of more than one connected components if u 
is not injective. Let Bj C X be an embedded (27V — 2)-dimcnsional ball which is 
the image of N Pj under exp M ( p .), where N Pj is a small ball centered at the origin 
in the orthogonal complement of u*(T Pi £) in T u ( p .)X. Then Dj and Bj intersect 
orthogonally at u(pj). We choose N pj sufficiently small such that Bj intersects the 
image of u at a single point u(pj). 

Similarly, for j l = m l + l, . . . , m l +m l , we may assume that there is a geodesic ball 
in X centered at u(qji ) such that its intersection with the image of u is an embedded 
holomorphic half disc Df t , and u~ 1 (Df i ) — > is a trivial cover. Let B'. t cibe 
an embedded (TV — l)-dimensional ball which is the image of N' q . under exp M ( 9 
where N' . is a small ball centered at the origin in the orthogonal complement of 
u^Tq^dY,) in T u{qi) L. Then I jl = flL = [0, 1] and B' jZ intersect orthogonally 
in L at u(qji). We choose N' q . sufficiently small such that B'-t intersects the image 
of u at a single point u(qji). 

In a small neighborhood of p in M^ g h ^ ^ n ^ [X, L \ (3, 7, p), intersecting with Bj 
for j = n+1, . . . ,n + h and B' rji for j l = m l + 1, . . . , m l + rh l determines additional 
marked points and gives the desired multi- valued map A : U p —* M, h -. ^ n+fi A+J ^) {X, L \ 
(3, 7, p) for some neighborhood of p in M( 9j / 1 ) i („ j ^)(A, L \ (3, 7, p). A is single- valued 
if Aut p = Aut p. Let 

£/; = = (z / ,B>;p>;(c l / )\...,(<i , ) h ;u / )EF- 1 (u p )\ 

u'(pj) G B 3 for j = n + 1, . . . ,n + n, m'^.) G £^.» for /' = m 4 + 1, . . . , m l + m 4 j , 

and let U p be the connected component containing p. Then U p — A(U P ), and the 
fiber of Up — ► J7 P is finite. 

Let be the (real) codimension (2n+m 1 +- • -W 1 ) subspace of VF 1 ' P (S, 11TI, (u| as )*Ti) 
defined by 



W = J w; G W^ p (£, 9£, u'TI, (u|m:)*TL) 



e T u( P] )Bj for j = n + 1, . . . , n + n 
w{qji) G T u(q . t) B' for .f = to* + 1, . . . , to* + to 1 
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Then H p . aut n W = {0}, so 

W^E, 0£, u*TX, (u\ d z)*TL) = e 

Let 

WW) = {™ e ^^(E^^.aEK^j.u^TX, («,,,,, la^^^jJ'TL) 
iu(pj) e T^p.^Bj for j = n + l,...,n + h 
w{q ji ) e T u(q ^B' y for ,f = m 4 + 1, . . . , m 4 + m 4 j . 

Then 

for (£,77,77') sufficiently small. Let 

P(S,v,v') '■ whP (^(i,v,v')^ d ^(i,n,nn^ u n,v' TX ^ u v,v'\d^ itiViV , ) )*TL) -» 1%^) 

be the projection. We have 7r^^^-) o £>($,,,,,,'),«„,„, °P(ti,v,v') = n (t,v,v') ° D (i,v,v'),n^, n > 
since i (i , v , v ,)H p ^ ut C Ker(7r (c ^^/) o D^,,,)^,). By replacing Q^, v , v ') with 

P(S,v,n') ° Q(S,r/,n')> we ma y assume that ImQ^^^/) c W 7 ^,^')- 

Let i?p, map = Hp. map (~)W = H' pmap . We may modify the isomorphism : 
i?p,ma P -> Ker(7r(|^ ;J) /) o i}^^,)^^, ) such that 

For (£,r],r)',w) e Bx^, map = Bx^p, define 77, 77', w) = (A^^), u^^). 
For w £ If, we have i{i, v , V ')W + Q(S,v,v') h (^ V, v' , Hi,v,v') w ) G ^W'?')' so 

"(l^',™) = ex P« T , v (*(C,^') w + ( 3«,'7,'7') /l (^^ ? ? / ,i(^')) £ VV ( S,n,n') 
satisfies u^. v . n > . w ){pj) e -Bj for j = n + 1, . . . , n + ft, and u^, v , v , , w) (qj>) e B'-, for 

j = n + 1, . . . , n+h. So tJ>(£, 77, 77', to) € £/ p if w e W, s(£, 77, 77', w) = 0, and £, r],r]',w 
are sufficiently small. 

Conversely, if (A',?/) is a stable map near p in U p , then A' = X^^^^ for some 
(Ci ^ V 1 ) € an( i u ' — ex P M?) , ( w ) f° r some w G W^,?^')- There exist unique wo € 

Ker( 7 r l ^ >J) / °%,w),v) n Wtf,™') and ft e lp ( s (£,>7,>j')' a °' 1s (I,o,o) ®^ fl ,TI) 
such that i/j = wo + Q{i,r},rt')h- We have /i = 77, 77', w ) since 

Let wi = ^wo S Hp. map . Then u' = 77, 77', toi), and s(£, 77, 77', wi) = 0. Let 
Vp.map = V Piin& p n i?p :m ap. Then Aut /5 acts on Bx V^ map . Let Vp- be an Autp 
invariant neighborhood of the origin in Bx Vp. map . It corresponds to a neighborhood 
V' p of the origin in B x H' pmap under the isomorphism Hp, map = H' p map . We have 
the following commutative diagram 

(s- 1 (0)nt>p)/Aut/3 — ^— (7 P 

( s - 1 (o)ny;)/Aut P f/ p 

where t/> and V' are injective. V' is a homeomorphism onto its image. 
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6.5. Transition functions. For each p E Ai = M ( g .(„ (X, L \ f3,j,p) and 
each choice of E p , we have constructed a Kuranishi neighborhood (V p , E p , Aut p, ip p , s p ). 

Remark 6.34. A different choice of E p yields a different, but equivalent Kuranishi 
neighborhood in the sense of Definition s.^ Actually, if E\_ p , i?2,p C L P (£,A 0,1 ® 
u*TX) are two different choices, set E p = Ei tP + E2, p - Then (V' p , E p , Aut p, ip p , s p ) 
can serve as the (V p , E p , T p , ip p , s p ) in Definition s. £\ 

In this section, we will modify the Kuranishi neighborhoods we constructed so 
that we can construct transition functions between them. We will follow FO 
Section 15] closely. We refer the reader to |FOI Section 15] for more details. 

M. is compact in C°° topology, so there exist pi,...,pi € M such that 

{Ul = i, Pi (s-'(0))\i = l,...,l} 

is an open cover of M., and there is Ui CC U[ such that {[/,; | i = 1, . . . , 1} is still an 
open cover of M. . M.is compact and Hausdorff , so the closure Ki of Ui is compact 
for i = 1, . . . , I. 

Let Ei — > Vi = V Pi be the obstruction bundle constructed from E Pi . We may 
choose pi and E Pi such that if 

p = (£, B; p; q\ . . . , q h ; u) € K h n . . . n K tk 

and p ^ Ki if i ^ it, then the subspace E p of L P (E, A 0,1 £ ® u*TX) spanned by 
(Ei^p, . . . , {E ik ) p is actually a direct sum E p = (A^Jp © • • • © (E ik ) p . We use E p 
to construct a Kuranishi neighborhood (V p , E p , Aut p, ip p , s p ) as in Section fa. 4. 21 
We shrink f p such that ^(s" 1 ^)) C C7 ix n • • • n U ik R n • • • H AJ ifc , where 
{ii, . . .,ik,ji, ■ ■ ■ , ji-fe} = {1, ■ ■ ■ ,^}- 

Suppose that p' = tjj p (^ 77, r/, w), where (£, 77, r/, u;) <E V p , s p (£, 77, 77', 10) = 0. 
Then Aut p' can be identified with the stabilizer (Aut p)(^, v . v ' , w ) of the action Aut p 
on V p . This gives a monomorphism h pp i : Aut p' — > Aut p. Without loss of gener- 
ality, we may assume that p' € K\ n • • • A&, and p' ^ A^ for 7 = k + 1, . . . , I. We 
have p £ K\ n • ■ ■ (~1 A*, . We may assume that p £ K\ n • • • fl A/;/ , and p ^ A; 
for i = fc' + 1, . . . ,1, where k' > k. It follows from the construction that there is 
an Aut //-invariant neighborhood V pp > of = (p 1 ) in V p > such that we have the 
following commutative diagram: 

e p'\v pp , > A p 



where PP ' is induced by the inclusion E\ © • • • © £7. — ► £1 © • • • © £V • Both ^ pp / 
and 0p P ' are /i pp / -equivariant embedding of codimension rank£fc + i + • ■ ■ + rankAV . 

The Kuranishi neighborhoods (V p , E p , Aut p, ^p, Sp) satisfy the properties listed 
in Definition lti.il and the transition functions ( V pp i , (j) pp > , 4> pp i , h pp i ) satisfy the prop- 
erties listed in Definition 16. 31 From now on, we will write (V', E p , Aut p, ip p , s p ) for 

the (V p , E p , Aut p, ip p , s p ) we just constructed. 

Remark 6.35. The 4> pp > , 4> pp > in the above construction are smooth when restricted 
to a stratum. It is possible to refine the above modification of Kuranishi neighbor- 
hoods such that (j)p P > ,<j)pp> are smooth (see |FOI Section 15],). Such an refinement is 



71 



artificial since our smooth structure in directions transversal to a stratum is not nat- 
ural, as discussed in Remark I fi. .V.'jl For simplicity of exposition, we will assume the 
smoothness of 4> pp i ,(j> pp > in Section^ though such an assumption is not absolutely 
necessary for our purpose. 

By Remark 16.341 the equivalence class of the Kuranishi structure constructed 
above is independent of various choices in our construction. 

6.6. Orientation. Recall that the orientation bundle of the Kuranishi structure is 
the real line orbibundle obtained by gluing det(TV^) x det(Ep)^ 1 . In our case, 

(det(TVp<8)det(E p )-% tVtV , tW) S det(lndD (6jVjV , Uv n ,)^det (lnd(T E(? >; y) , r aS(£i „ ,„,,)) 

where Ind(D) denotes the virtual real vector space Ker(D) — Coker(D), as in Section 
EM 

Theorem 6.36. The Kuranishi structure constructed above is orientable if L is 
spin or if h = 1 and L is relatively spin (i.e., L is orientable and W2{TL) = cx\l 
for some a G H 2 (X,Z 2 )). 

To orient the index of the linearization Ddj of dj at a stable map, we need the 
following generalization of FO3 Proposition 21.3]. 

Lemma 6.37. Let (E, Eg) — > (E, 9£) be a Riemann-Hilbert bundle over a prestable 
bordered Riemann surface without boundary nodes E, and let Eg be a totally real 
subbundle of E\qs. Then an ordering of the connected components of <9E and a 
trivialization of E^ determine an orientation ofInd{E,Eg), where Ind(-E, is 
defined as in KL, Definition 3.4.1]. 

Proof. Let B 1 , B h be the ordered connected components of dT,. An isomorphism 
Er = (9E x R™ is a collection of isomorphisms Eigi\ b i = B % x R". Let e > be such 
that Ai = B(B z ,e), the collar neighborhood of B l in S of radius e w.r.t. some 
admissible metric on E, are disjoint. By tensoring with C, we have trivializations 
E\ B i = B l x C n . By deforming the Hermitian connection, we may assume that the 
connection is flat on A = Uj=i B(B l , |e) and there are parallel sections Sx, Sh 
on E\a such that for x G 9E, Si(x) corresponds to (x, e^) under the isomorphism 
£r = 9E x R n , where ex, . . . e n are the standard basis of R™. 

The boundary of Ai = B(B 1 ,^) is the disjoint union of two circles, B l and 
(B') 1 . We shrink {B') 1 to obtain a family of prestable bordered Riemann surface 
E t , t G [0,1], such that Ei = E, E t are homeomorphic to E, and Eo is obtained 
from E by shrinking each (B') 1 to a point. Eo = C U D 1 U . . . U D h is a prestable 
bordered Riemann surfaces, where C is a complex algebraic curve of genus g, and 
D % is a disc which intersects C at an interior node on Eq, for i = 1, . . . , /i. 

We extend (E,Er) to a family of Riemann-Hilbert bundles (E(t),E^{t)) — > 
(E t , 9E t ) such that si, . . . , s/j extend to a neighborhood of U tg r 0j i]<9E t in U te [ .i] E t 
and give a holomorphic trivialization of E(t) in a collar neighborhood of 9E t and 
a trivialization of £«(£). In particular, they are defined on D l C Eo to give an 
identification (E(0), E M (0))\ Di = (C",R n ). 

We use the notation in |KLI Section 3.4]. lnd(E(t), E]&(t)) is a family of virtual 
real vector spaces over [0, 1]. We have 

Ind(E, E R ) = Ind(S(l), E R (1)) S Ind(-B(0), E R (0)), 
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so it suffices to orient lnd(£'(0), £«(0)). We have a long exact sequence 

h 

-> H°{J: o ,dT l o,E{0),E(Q) R ) H a (C,F)®^H°{D\dD\C n ,R n ) Ac" 

h 

-» ff^So, 9S , £7(0), S(O)r) -» ff 1 ^ F ) © ^(-D 4 , <9L>\ C™, R") -> 

1=1 

where F = £(0)|c is a holomorphic vector bundle of degree ^fi(E, Em), and e is 
given by 

H°(C,F)®@H°(D\dD\C n ,R n ) -> C" 
i=i 

...,&) - (&(p l )-6(o),...,&(p/,)-eh(o)) 

Pi E C and € Di are identified to form an interior node of So. -Er ~ R n gives the 
orientation on H°(D\dD\ C™, R") ~ R" via the evaluation map. H 1 (D i , dD\ C n , R 
0. H°(C, F), ff 1 (C, -F) and C™ are complex vector spaces, thus canonically oriented. 
Therefore, 

lnd(£(0), E M (0)) = F (£ , d£ , B(0), £(0) K ) - H 1 (Eq, 9£ , £(0), E(0) k ) 

is oriented. This orientation depends on the trivialization of -Er and the ordering of 
connected components of <9£, since the trivialization of -Er determines the orienta- 
tion on each H°(D l ,dD l , C n , R n ) = R n and the ordering of connected components 
of 9E determines the ordering of these h copies of R n . □ 

Proof of Theorem 16.361 It suffices to show that the orientation bundle is trivial 
when restricted to each loop 7 : S 1 — > M( g h }^ n f ^(X,L | /3, 7, fi), j(t) = pt- From 
the construction of Kuranishi structure we see that we may deform 7 to a family 
of smooth maps pt € V Pt such that the domain of pt are smooth bordered Riemann 
surfaces. We first assume that these domains are stable. The tangent bundle of 
Af(g,ft),(ra,m) is orientable by Theorem 14.141 so it suffices to show that the index 
bundle IndDd is orientable along the loop j(t) — p t . Note that Autp preserves 
the orientation of Ind Dd since it does not permute boundary components of the 
domain. 

Let $ : (£, dT,) x S 1 — > (X,L) be given by ®(z,t) — u t (z), where u t is the 
map for pt- Since the connected components of <9£ are ordered, by Lemma Tfi. 'XJ\ it 
suffices to show that (^\g^ x gi)*TL is stably trivial. 

We first assume that L is relatively spin, i.e, L is orientable and u>2{TL) = 
ql\l for some a S H 2 (X, %%). Choose a cellular decomposition on X such that 
X^ n L = . There exists a real orientable vector bundle of rank 2 over 
such that w 2 {V) = a\ X ( 3 ) € H 2 {X^\l 2 )- Then 

W2({TL®V)\ tW ) = e H 2 (L<- 2 \Z 2 ), 

so (TL © V^)| L (2) is spin, thus stably trivializable on L^ 2 \ 
We write 

{TL © V)\ Li 2) © R fc = ]R Ar + fe + 2 . 

Let l> be homotopic to $ such that x S" 1 ) c i^ 2 ^. It suffices to show that 

(<t\ dl:xS i)*TL is stably trivial. We have 
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I I 

We may view V as a complex line bundle. We need to show that (&\d£xS 1 )*V 
is trivial, or equivalently, rij = (deg<&\ RiXS i)*V = for i = 1, . . . , h. We have 

h 

= deg($| 9SxS i)*^ 

»=i 

= (**[0E x S 1 ]) nci ($*V0 
= d(u[Y, x S* 1 ]) nci (**V0 
= 0. 

So (^lasxs 1 )*^ is trivial if ft, = 1. For /i > 1, we assume that L is spin, so that we 
may take V = K 2 , the trivial bundle. 
We finally consider nonstable cases: 

(1) ( 5 ,/0 = (0,l),n = l, m=(0). 

(2) ( 5 ,/i) = (0,l),n = 0, m=(l). 

(3) ( 5 ,/ l ) = (0,l),n = 0, m=(2). 

(4) ( 5 ,/ l ) = (0,2),n = 0, m=(0,0). 

Cases (2) and (3) are treated in IFO3I . For (1) the domain is isomorphic to the 
unit disc with one interior marked point at the origin, and the automorphism group 
U(l) — {e ld I 9 6 M} of the domain can be oriented by -gg. For Case 4, the domain 
is isomorphic to an annulus {z€C|l<|z|<r} for some r £ (l,oo), which is 
oriented by Jp, and automorphism group U(l) of the domain is oriented as above. 
□ 

7. Virtual fundamental chain 

7.1. Construction of virtual fundamental chain. We consider the general set- 
ting in Section l6.ll 

Definition 7.1. Let M be a Hausdorff space with a Kuranishi structure (with 
comers ) 

K. = {(Vp,Ep,T p ,ip p ,s p ) :peM, (V P q, <f> P q, 4> pq , h pq ) : q g ^(^(O))} • 

A Hausdorff topological space W is an ambient space of K, if 

(1) M is a subspace ofW. 

(2) ip p : V p — > W, ipp{x) £ M if and only if s p (x) = 0. 

(3) ijjq = 1p p O <fi pq . 

(4) There is a subset dW C W such that ip p (x) £ dW if and only if x € dV p , 
where dV p is the union of corners of V p . We take dW — if K is a 
Kuranishi structure. We define dM = Mfl dW. 

(5) Vp/Tp ^ W is infective. 

Remark 7.2. If JC\ and IC2 are equivalent Kuranishi structures (with corners) 
in the sense of Definition 1 6. 51 and they have the same ambient space W , we will 
implicitly assume that W is also an ambient space for the JC in DeRnition W.tA and 
i^i,p — ipp 4>i ■ Vi.p — > W in Defi,nition \6.%\ 



74 



Example 7.3. W = W^ g p h ^ , ~^(X,L \ (3, 7, fx) is an ambient space of the Ku- 
ranishi structure with corners on M. = M^ gh ^^ n ^(X,L \ /3,7, ^) constructed in 
Section^ dW C W is the subset corresponding to maps whose domain has at least 
one boundary node. 

Now assume that M is a compact, Hausdorff topological space with an oriented 
Kuranishi structure with corners /C, and that K, has an ambient space W . Let d be 
the virtual dimension of K,. The virtual fundamental chain we will construct is a 
singular d-chain M K ,v G S d (W,Q) such that 9Mk,„ £ S d -i(dW,Q) C 5 d _i(W,Q), 
so it represents a relative singular d-cycle M/c,u £ Sd{W, dW, Q). 

M is compact, so there exist finitely many pi, . . . ,pi £ M such that 

• {Uj = ifj pj (Sp^O)) I j = 1, . . . , 1} is an open cover of M. 

• There exists a T Pj -invariant neighborhood Vj of ipp^iPj) m V Pj such that 
Vj CC V Pj and {C/j = ip Pj (Sp^O) n Vj) \ j — 1, . . . , 1} is still an open cover 
of M. 

Let 0j : Vp. — > [0, 1] be a smooth function with compact support such that 
[3j e 1 on the closure of Vj. For any v = (y\, . . . , v{), where v± : V Pj — > E Pj is 
a small continuous section, not necessarily Fp^-equi variant, we construct a section 
v p '■ V p — > Spl^r for each p G X, where Vp is an Tp-invariant neighborhood of 

Given p £ M, if p £ Uj, then there is a Tp-invariant neighborhood Vp iP of ip p 1 (p) 
such that we have the following commutative diagram: 



e p\v pjp — * E, 



pj 



V PjP — » V Pj 

For any section s : V Pj — ► 25 P;J , let 4> Pjp s : Vp jP — > E p \y p . p be the unique sec- 
tion satisfying 4> PjP o </> PiP s = s o </> PiP . Let V^, = Hpgy Vp^.p. We define i/ p = 

There exist pi, . . . ,pj £ M such that {Uj = tp Pj (^(O) n % } ) \ j = 1, . . . , 1} is 
an open cover of M. We may choose v = (i^i, . . . , v{) such that s Pj + v Pj : Vpj — > 
•^Pj ly- ^ s sm0 °th and intersects the zero section transversally for j = 1, . . . , I. So 

MJ = (s P] + vp. )~ 1 (0) is a d-dimensional submanifold of V Pj , where d is the virtual 
dimension of the Kuranishi structure. The orientation of the Kuranishi structure 
induces an orientation on Mj. If V Pj has corners, we may further require that Mj 
intersect all the corners of V Pj transversally, i.e., Mj is a neat submanifold of V Pj in 
the sense of jHj| Chapter 1, Section 4]. We call such v = {v p : V p — > E p \y \p £ M} 
a generic perturbation. Note that the difference between two generic perturbations 
is smooth. 

From our choice of v Pj , we have 

(2) (MJ ) n 4>fy (% ) = 4> Pj {%. ) n Vp,., (Mj5 ) . 

for any j, j' S {1, . . . ,Z). 
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Choose a triangulation of MJ so that it becomes a simplicial complex, and all 
its corners are subcomplexes. By (J2J), we may assume that there is a compact 
subcomplex Kj of MJ such that 

• u5 =1 ^.(^-) = ^ =1 Vp 3 .(M/). 

• For any j,f G {1, . . .,/}, ^T 1 (v Pj(Kj) n V'pj' (-Kj'')) i s a subcomplex of 
the (d — l)-dimensional simplicial complex dKj. 

Let {Aj a | a = 1, . . . , iVj-} be the set of d-simplices in the triangulation of ifj. 
Each Aj has an orientation induced by that of MJ. The inclusion ij jQ , : A^ Q — > 
C can be viewed as a singular d-chain in Vp j . We define 

k j = E^ e5 ^; z ) c5 ^^) 

a=l 

,=1 I Pi I 

where |IV | is the cardinality of Tp j . It follows from our construction that dM^ v £ 
Sd-i{dW) C Sd-i(W), so it represents a singular relative d-cycle Mjc, v S <Sd!_x(W, 
which represents a class [M K ,„] rel € dW; Q). 

Note that up to subdivision, Mc,y € <Sd(W;Q) depends on 2/ = jV p : V p — > 
-Eply | P G A/} but not on the choice of p\, . . . ,pj € M. 

Proposition 7.4. TTie class [Myc.„] rcl e /^(W 7 , SW^; Q) is independent of the choice 
of v = {v p : V p — > -Bply | p € M}. So we may write [M/c] Tcl for this class. 

Proof. We first observe that a Kuranishi structure with corners K. on M with ambi- 
ent space W gives rise to a Kuranishi structure with corners K, x [0, 1] on M x [0, 1] 
with ambient space W x [0,1]. To see this, consider (p,t) 6 M x [0,1]. Let 
(V p , E p , T p , ip p , s p ) be the Kuranishi neighborhood of p assigned by the Kuranishi 
structure on M. Let V( Pii ) = V p x [0,1], and let 7r p : V( Pii ) — > V p be the pro- 
jection to the first factor. Let E^ pt ^ — tt*E p — > V( pt ), and let S( Pj t) = tt*s p : 
V(p,{) -> We define V(p,*) = ip p x id : V (P;t ) = V p x [0, 1] W x [0,1], 

where id is the identity map on [0, 1]. Finally, let r p act on [0, 1] trivially. Then 
{V(v,t)i ^(p,t)i Ipt ^(p,t)> s (p,t)) i s a Kuranishi neighborhood of (p,t). The transition 
functions can be constructed from those of the Kuranishi structure on M in an 
obvious way. 

Let = {z/ p : V p -> £ p |^ | p € M}, 2/ = {i/ p : V p -> £ p |^ | p € M} be two 
choices of small generic perturbation of K, in the above construction. There exists 
a generic perturbation 

/" = {^(p.t) ■ v (p . t) -> E {p>t) | (p,t) e M x [0, 1]} 
of K x [0, 1] such that 

*p,oM(p,i) — v p :V P E v , *p,iM( P! i) = ^p : ^p —> E p , 
where i p , t ■ V p — > i-, = Vp x [0, 1] is the inclusion a; i— * (a;, t). 
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From the paragraph right before Proposition 17.41 we may use pi , . . . , fit in the 
construction of both M v and M v . Let 

Yi = +M fe) i ) )- 1 (0) C V Pj x [0,1]. 

Then 

Yi n d(V Pj x [0, 1]) = i h ,x{Mf) U i h ,o(MD u n x [0, 1])) , 

where 

x [0, 1]) = i fe ,i(Vk) U i fej0 (V ft ) U (dV Pj x [0, 1]) 

is the union of corners of V Pj x [0,1]. This gives rise to a singular (d + l)-chain Bj 
in V P] x [0, 1] such that 

dB J = (i Pjil )*Kf - {i P] , )«K» + Cj + Dj, 

where (i pj ,i)*Kj comes from i Pjtl (Mj ), (i P] . )*Kj comes from i Pjt0 (Mj), Dj 
comes from Yj n (dV^. X [0, 1]), and Cj will get canceled: 

l 

x id)*Cj = e x [0, 1];Q). 

j=i 

Let -Kj : V Pj x [0, 1] — > t^. be the projection to the first factor. We have 



Let 



- 1 



3=1 1 Pl 



and 



Then 



since 



- 1 

D = E irn^^i.^ e 5 d (5^;Q) c 



, =1 F*. 



dB = M Ky - M K , V + DeS d {W;( 



- 1 / - 1 

E Tr—^Pi^uCi = E ifT^ X "^'^ 



o. 



where tt : W x [0, 1] — » is the projection to the first factor. We have <9i? = 
Mx;,^ - M K , V G S d (W,0W;Q), so 

[M x >/] nJ = [M^] ro1 e iT d (W,dW;Q). □ 

Proposition 7.5. Lei /Ci and K2 be two equivalent Kuranishi structures with cor- 
ners on a compact Hausdorff topological space M . Let W be an ambient space of 
both /Ci and K 2 . Then [M Kl ] Icl = [Af K2 ] rcl . 
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Proof. Let 

lb = {(Vi, P 

^2 = |(V 2 ,p,£ ; 2,p,r2,p, 1p2,p,S2,p) P € M,(V2 } pq,4>2,pq,<f>2,pq,h2,pq) ■ q G ^2,p(s2,p( ))} 

£ = [(V p > E p , T p , ipp, s p ) :p G M, {Vpq^pq, 4> pq , h pq ) : q G ^ P {s p »)} 

be as in Definition 16.51 Let j/j = : Vi )P — > E itP \ p G Af} be a generic 

perturbation which can be used to define a virtual fundamental chain Mjc i!Vi G 
Sd{W;Q), for i = 1,2. i/j can be extended to a generic perturbation /i, = : 
Vp — > E p \ p (z M} such that (pi o j/j p = /i,-^ o We have Mjc ilVi = Mic,^ G 
5 rf (W-;Q). So 

[Af^r 1 = [M^p 1 = [Mjc^p 1 = [Af^p 1 e ff d (W,cW;Q). □ 

Remark 7.6. Let A/ be a compact Hausdorff topological space with an oriented 
Kuranishi structure IC, and let W be an ambient space of IC. Then the above con- 
struction yields M)c iV £ Sd(W,Q) such that dMjc lV = G Sd-i(W, Q), so it repre- 
sents a class [M/c tV ] G Hd(W;Q). The proof of Proposition \ l.J\ shows that this class 
is independent of the choice of v , so we may write [Mjc] for this class. The proof 
of Proposition \7.5\ shows that if K! is another Kuranishi structure on M such that 
K! ~ K, and W is also an ambient space of K! , then [M/c] = [Af/c] € Hd(W;Q). 
Let i: M ->W be the inclusion. Then [M K ] = u[M] G H d (W;Q), where i*[M] is 
defined in |F()I Section 6]. 

Example7.7. Let X be a Calabi-Yau 3-fold, and let j3 S H 2 (X;Z). Let~M gfi (X, j3) 
denote the moduli space of stable maps f from a genus g prestable curve C to 
X such that f*[C] = [3. Then M g fi{X, (3) has an oriented Kuranishi structure 
|FO| . The virtual dimension of is for any g > and (3 G H 2 (X;Z). This 
Kuranishi structure has an ambient space W g 'g{X, (3), the moduli space of stable 
W x%v maps from a genus g prestable curve C to X such that f*[C] = (3. Then 
\M gfi {X,p) K ) G H (W^(X,/3y,®), and deg[M g , (X, 0) K ] G Q is some Gromov- 
Witten invariant |FOI Section 17]. 

Example 7.8. Let X be a Calabi-Yau 3-fold, L be a special Lagrangian subman- 
ifold. M(gM^tfi){X,L | /3,7, /i) is empty for p =/= 0. The tangent bundle of L is 
trivial, so L is spin. We have constructed an orientable Kuranishi structure with 
corners K, on A4 = M, g h ^ , gs (X, L \ (3, 7, 0). The equivalence class of K, is indepen- 
dent of choices in our construction. The virtual dimension ofK, is for all g, h, [3, 7. 
The Kuranishi structure has an ambient space W = W/^ h . , q q.(X,L | ,9,7,0). 

[•MjcP 1 G Ho(W, dW; Q) = 0, so we cannot get a nontrivial number from [Ai/cY cl . 

Most enumerative predictions about holomorphic curves with Lagrangian bound- 
ary conditions concern the special case in Example 17.81 Our goal is to give a rigor- 
ous mathematical definition of these highly nontrivial enumerative numbers. From 
Example PI we know that the relative cycle [Af K ] rcl G H d (W, dW; Q) is not the 
right object for our purpose. We want to remember the virtual fundamental chain 
Mjc,v G Sd(W, Q) which contains more information. For example, when the virtual 
dimension d = 0, the 0-chain Mjc, u represents a class [Af^,,] G Hq(W; Q) since any 
0-chain is a cycle. Let v, v' be two perturbations. From the proof of Proposition l7.5l 

dB = MK,v-M,c, v >+D, 
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where B £ Si(W,Q), D £ S {dW,Q). So [M K ,u] depends on v. We want to 
impose extra constraint on v such that if v and v' both satisfy the constraint 
then the above D is zero. In particular, if v and v' satisfy the same boundary 
conditions in the sense that vp j = on dV Pj for all j — then D = 0, so 

[M K ,u] = [M K y] £ H (W;Q), and deg[M K ,,] = deg[M K ,^] £ Q. 

7.2. S 1 action. 

Definition 7.9. Let M 6e a Hausdorff topological space, and let g : S 1 x M — > M 

&e a continuous S 1 action. A Kuranishi structure with corners 



K. 



{(v p ,E p ,r p , 

pi Sp ): P £M, (V pq ,cj> 

pq i 4*pq i hpq) • 



on M is p-equivariant on the boundary if the Kuranishi neighborhood (V p , E p , T p , p , s p ) 
of any p £ dM is g-equivariant in the sense that 

(1) There is a free continuous S 1 action on V p which commutes with the action 
ofV p and leaves dV p invariant. 

(2) E p — > V p is an S 1 -equivariant vector bundle. 

(3) s p : Vp — > E p is an S 1 -equivariant section. 

(4) ip p : s~ (0) — * M is S 1 -equivariant, where S 1 acts on M by g. 

Remark 7.10. Let K, be as above, and let dK, be the Kuranishi structure with 
corners on dM defined in Remark \6.4\ Then the quotients of the Kuranishi neigh- 
borhoods and transition functions of dIC by the free S 1 action define a Kuranishi 
structure dIC/S 1 of virtual dimension d — 2 on dM / S 1 . 

Remark 7.11. Let M be a Hausdorff topological space with a continuous S 1 -action 
g : S 1 x M — > M. Then there exist an g-equivariant Kuranishi structure with 
corners only if the action leaves dM invariant and has no fixed point on dM . 

Definition 7.12. Let M be a Hausdorff topological space with a continuous S 1 - 
action g : S 1 x M -> M. Let 

a» Ei,p> 01, pi s i,p) : P € M, (Vi tPq , <j>i, pq , <t>\,pq, hi >pq ) : q £ ipi jP 

and 

1C 2 = {(V 2 ,p> -^2,p, ^2,p, 02,p, S2,p) ■ P £ M, (V2, pq , 4>2,pqi </>2,p g , ^2,p 9 ) ■ <Z £ 02, p 

be two Kuranishi structures with corners on M which are g-equivariant on the 
boundary. K,\ and IC2 are are ^-equivalent if 

• There is another Kuranishi structure 



K 



{(V P ,Ep,Tp,ipp,Sp) :p£M, {V pq ,(j> pq , 

<t>pqi hpq) : q £ 0p(s p '(0))} 



on M which is g-equivariant on the boundary such that for all p £ M , 
(V1.p1 Ei.p, r^p, 0i iP , s\.p), [V2, p , E 2 , p , r 2 , p , 02, p , S2, P ), and (V p , E p , T p , tp p , s p ) 
satisfy the relation described in Definition \6.Sl 
• The (f>i and <f>i in Definition \6.Sl are S 1 -equivariant. 



In this case, we write JC\ ~ K, 2 



Note that fCx ~ JC 2 K\ ~ K 2 . 



79 



Definition 7.13. Let M be a Hausdorff topological space with a continuous S 1 
action g : S 1 x M — > M . Let 

1C={(V P , E p , T p , ip p , s p ) : p e M, (Vpq, <j) pq , <j> pq , h pq ) : q £ i> P {s p 

Ho))} 

be a Kuranishi structure with corners on M which is g-equivariant on the boundary. 
An ambient space W of JC is p-cquivariant if p extends to an action S 1 x W —* W, 
and ip p : V p — > W is S 1 -equivariant. 

We now assume that M is a compact, Hausdorff topological space with a con- 
tinuous S 1 action g : S 1 x M — > M. Suppose that JC is an oriented Kuranishi 
structure with corners of virtual dimension zero on M. We further assume that JC 
is g-equivariant on the boundary, and W is an g-equivariant ambient space of JC. 

In this case, a generic perturbation v = {v v : V p — > E p \ p £ M} of JC is a 
perturbation such that s p + f p intersects the zero section transversally at isolated 
points and is nowhere zero on dV p . Let p denote the equivalent class of p £ dM in 
dM/ S 1 . The virtual dimension of 

dJC/S 1 = {((Vp, E p , Vp, TPp, S p :pe dM/S 1 , (Vpq, 4>pq, 4>pq, hpq) '. Q £ ^"(^(O))} 

is —2, so a generic perturbation D = {Dp : Vp — > Ep \ p £ dM/S 1 } of dJC/S 1 is a 
perturbation such that Sp + Dp is nowhere zero for all p £ dM/ S 1 . Let Q p : dV p — ► 
Vp = dVp/S 1 be the natural projection. Then Q*D — {(Q*D) p — Q*Dp : dV p — > 
E\dv p I P S dM} is a generic perturbation of dlC. We call such a perturbation an 
p-equivariant perturbation. A generic perturbation of dJC can always be extended 
to a generic perturbation of JC, so there exist a generic perturbation of JC whose 
restriction to dJC is g-equivariant. 

Proposition 7.14. Let M be a compact Hausdorff topological space with a con- 
tinuous S 1 action g : S 1 x M — > M. Let JC be a Kuranishi structure with corners 
of virtual dimension on M which is g-equivariant on the boundary. Let W be a 
g-equivariant ambient space of JC. Let v = \v v : V p — > E p \ p £ M} be a generic 
perturbation such that v\dk. — { v p\dv p ■ dV p — > E p \gy p \ p £ dM} is g-equivariant. 
Then [Mjc jV ] £ ffo(WjQ) does not depend on the perturbation v, so we may write 

[M%-] for this class. If JC' ~ JC, and W is also a g-equivariant ambient space of JC' , 
then [Af|,] = [M|] G H (W;Q). 

Proof. Let 

v = {v v - Vp -> E v | p G M}, i/' = : Vp -» S p | p G M} 

be two generic perturbations of /C such that v\qk. = Q*D, v'\dK — Q*&', where 

v = {Dp ■Vp—>Ep\p£ dM/S 1 }, v 1 = {D' p :V P ~> E p \p£ dM/S 1 } 

are perturbations for dJC/S 1 such that s p + Dp, s p + D' p are nowhere zero for all 
p £ dM/S 1 . There exists a generic perturbation 

ft = ihP-t) ■ V(p, t) -> E {p , t) I (p,i) £ dM/S 1 x [0, 1]} 

such that 

^,oM(p,i) = v p : % -> = ^p : ^ 

where ip, t : Vp- — ► i \ = Vp x [0,1] is the inclusion x (a;,i)- The virtual 
dimension of dJC/S 1 x [0, 1] is —1, so p, being generic simply means S(p,t) + M(p,t) 



so 



is nonzero for all (p,t) € dM/S 1 x [0,1]. The pull back Q*j2 of p is a generic 
perturbation of <9/C x [0, 1] such that S( p .t) + (Q* p)( P ,t) is nowhere zero for any 
(p, t) 6 9M x [0, 1]. We may extend Q*p to a generic perturbation of /C X [0, 1] 
such that 

*p,oA*(p,i) = : ^p ~~ > *p,iA*(p,i) = ^p : ^p ~~ * ^p 
as in the proof of Proposition l7.4l We proceed as the proof of Proposition l7.4l and 
use the notation there. Yj does not intersect dVp j x [0, 1], so D = 0, and the 1-chain 
B e Si(W;Q) satisfies 

dB = M !c , l/ ,-M K , l/ €S Q (W;Q). 

So we have [M Ky ] = [M Ki „] E H (W;Q). 

The last statement can be proved as Proposition |^| □ 

7.3. Invariants for an 5 1 -equivariant pair. Let (X, lo) be a compact symplec- 
tic manifold together with an w-tame almost complex structure J, and L be a 
Lagrangian submanifold. We assume that L is spin or that h = 1 and L is relative 
spin so that M = -M( fl ,/i). („,,%) (X, L | /3, 7, /1) has an orientable Kuranishi struc- 
ture. We fix an orientation by choosing a stable trivialization of TL or TL © V 
on the 2-skeleton of L, where V is chosen as in the proof of Theorem 16.361 
W = W,^ h s , n A n (X, L I (3, 7, is an ambient space of the Kuranishi structure on 

Definition 7.15. An admissible S 1 action on (X,L) is an S 1 action g : S 1 x X — > 
X such that 

• g preserves J and L. 

• TVie restriction of g to L is free. 

We now assume that there is an admissible S 1 action on (X, L). Given t — e l9 S 
S , let ft : X X be the J-holomorphic diffeomorphism given by x 1— > i • x. We 
have an 5 11 action £ : S* 1 x W -> W given by (t, [(A, it)]) i-> i • [(A, it)] = [(A, f t ou)}. 
The action preserves A-f C W since ft is J-holomorphic for all i S S 1 . 

If (X, B; p; q 1 , . . . , q' 1 ; u) represents a fixed point of the S 1 action, then X = 
C U .Di U • • • -Oh, where C is a genus g prestable curve, and is a disc which 
intersects C at an interior node for k = 1, . . . , h. u(dDk) is an orbit of the 5* 1 
action on L. Let W s and A4 S denote the fixed loci of the S 1 action on W and 
M, respectively. Then M s ' = W sl n M, W sl n dW = 0, and .M 51 n <9.M = 0. 

Theorem 7.16. Let (X,L) be as above. Then there exists an oriented Kuran- 
ishi structure on M. = Mr gi h\i ni jH)(X, L \ (3, 7, p) which is g-equivariant on the 
boundary. W = W,^ h -, ^ n ^(X,L | f3, 7, p) is a g-equivariant ambient space of K. 

Proof. Let 

pp' ? 0pp' ) hpp' 

be a Kuranishi structure constructed as in Section H3 For p £ dAi, we will modify 
the Kuranishi neighborhood of p such that 1.-4. in Definition 17. 91 hold. 

Given p = (\,u) € dAi, let i? p ,domain> Hp.mnp — Ker(7r o D u ) be defined as in 
Section^] Recall that <f> e Aut A 1— > it o induces an inclusion -ff p . au t C -ff p . map- 
Similarly, t E S 1 ft o u induces an inclusion -ff PjC ircie = JiS 1 C H p . map , where 
T1S 1 = M is the tangent line of S 1 = {e lS | 6» G R} at 1 e 5 1 . Note that -ff p , c ircio C 
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Hp. a ut if and only if p e A4 S , which is excluded since we consider p G dAi. We 
may choose H pmap such that i? p , c ircic C H' pmap and ff p ,ma P = # P ,aut © H' piaap . 
Choose a subspace # p ' map in iT p!Blap such that i? Piinap = flp, c ircle © H ' p \ map . 

Let V^' map be a small neighborhood of in H' p m , and e > be small. Then 
for sufficiently small (£,77, 77') G £?<5 2 x D d x D^, and u/ G H' map , there are unique 
w" G V^" roap and G (— e, e) such that 

where the notation is the same as in Section^ Both Aut p and S 1 act on Bs 2 x D d x 
D 'd x ^p'map x 5,1 sucn tnat «^.(f,t7^',TO",t) = «(£,»?,»?' ,ui",t) o _1 and i 7 - (£, 77, ry', w", t) = 
(f , 77, 77', «/', i't) for G Aut p, f G S 1 , (£, 77, r/, tu", t) G 5a 2 xD d xD' d x T/" map x S 1 . 
Note that the action of Aut p commutes with that of S 1 . So we may choose a 
neighborhood V p of in Bg 2 x D d x D' d x V" ap such that V p x S 1 is invariant 
under the action of Aut p. There is an S" 1 equivariant map 

^p-.V^xS 1 — ► W 

(f, 77,77',^",*) H-> [(^(f,t7,»7')> u «,r),ij',«)",t))] 

(V^" x 5' 1 )/Aut p — > W is injective if and only if S p = {1}, where is the stabilizer 
at p of the S 1 action. In general, S p is a finite group because p G 9M is not a fixed 
point of the S 1 action. 

The automorphism of p G dMj S 1 is 

Aut p = {cf) G Aut A I u o = / t o u for some f G S 1 }, 

and 

S p = {t G S" 1 I w o = / t o u for some G Aut A}. 
Aut p is a normal subgroup of Aut p, and we have an exact sequence 

1 -> Aut p -> Aut p ->• -> 1. 

The action of Aut p on V" x S" 1 extends to Aut p, and (V p " x S^/Autp — > W is 
injective. 

Let <7 P : V p " x S 1 — > V^" be the projection to the first factor, and let -E — * V^' be the 
restriction of the obstruction bundle over V'. Let V p — V p x S 1 , E p — q*E — > V p , 
Sp — Qp{ s p\v")- Then (Vp, E p . Aut p, ^ p , s p ) is a Kuranishi neighborhood of p G 
in M. which satisfies 1.-4. in Definition 17.91 

Finally, we proceed as in Section 16.51 to construct new transition functions. □ 

The ^-equivalence class of the Kuranishi structure with corners which is g- 
equivariant on the boundary constructed in the above proof does not depend on 
various choices. 

Now consider the case m = n = 0, and the virtual dimension 

d = fi+(N- 3) (2 - 2c? -h) = 0. 
We define the Euler characteristic of M. = M, g h ^ , jjs (A, L|/3, 7, p) to be 

X{g, h ) {X, L,g\(3, 7, p) = dcg[M^] G Q, 

where K, is a Kuranishi structure with corners which is g-equivariant on the bound- 
ary, constructed in the proof of Theorem 17.161 This number is well-defined by 
Proposition 17.141 
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X( g ,h){X, L, g\[3, 7, n) is an invariant for the equivariant pair (X,L,g), but not 
an invariant for the pair (X,L). In other words, it is possible that 

X( g ,h) i x , L ,Qi\P,l, M) ^ X( g ,h) ( x , L,g 2 \(3,j, fi) 
for two different admissible S 1 actions Q\, Q2 on (X, L). 

7.4. Multiple covers of the disc. We consider the special case studied in |()VI 
IKLI ILSj . Let (z,u,v) and (z,u,v) be the two charts of P i(— l)©0 P i(— 1), related 
by (z, u, v) — (i, zu, zv). Let X be the total space of Opi (—1) Opi (—1). There 
is an antiholomorphic involution 

A : X — > X 

(z,u,v) i — > ( — ,zv,zu) 
z 

in terms of the first chart. The fixed locus L = X A is a special Lagrangian submani- 
fold of the noncompact Calabi-Yau 3-fold. For any integer a, let g a : S 1 x X — > X be 
the S 1 action on X defined by (e id , (z, u, w)) i-> (e ie z, e^-^V e- iae w) on the first 
chart. Then p a is an admissible S 1 action on (X,L). Let D 2 = {(z, 0,0) | |z| < 1} 
be a disc in the first chart, oriented by the complex structure. Then dD 2 C L. Let 
13= [D 2 ] € H 2 (X,L;Z)=H 2 (P\S 1 ;Z) and 7 = [dD 2 ] C #i(L;Z) = HiOS^Z). 

By Schwartz reflection principle (see e.g |KL1 Section 3.3.2]), any nonconstant 
holomorphic map / : (£, <9£) — > (X, L) can be extended to a nonconstant holomor- 
phic map fc '■ Sc — > X, whose image must lie in P 1 . So we have 

M = M(g,h),(o,o)( X > L I d / 3 '( ri i7,--- ) ^7),0) = M (g ^ )i(0;3) (P 1 ,5 1 | d0, (n l7 , . . . , n h7 ), 2d) 

as topological spaces. Therefore, M, g h -> , Q ^.(X,L \ d(3, {nij, . . . ,nhj),0) is com- 
pact in C°° topology. Note that the virtual dimension of the Kuranishi structure 
corners is for M^ g ^^ n ^(X,L | d(3, (ni7, . . . , 717,7), 0) and 2(d + 2g + h - 2) 
for M, h j , n ^(P 1 , S 1 I d{3, (ni7, . . . , 7^7), 0). In particular, these two Kuranishi 
structures on A4 are not equivalent. The following numbers are defined: 

C(g,h\d;ni,...,n h \a) = X( g ji)(X,L, g a \ d/3, (ni7, . . . , n h j), 0) e Q, 

where rii, . . . , rih are positive integers, and d = n\ + • • • + n/,. 

Let 7r : C — > M ffi ft be the universal family, w„- be the relative dualizing sheaf, and 
Si : M gi h — > C be the section corresponding to the i-th marked point. Let E = ir*Lu n 
be the Hodge bundle on MigM, and ipi = ci(sfw T ). 

Conjecture 7.17. Let a be a positive integer. Then 

(-l) d -' l C(0; h\d; m,..., » h |o) = C(0; fyd; m, . . . , n h |l - a) 

i=i ^ 1 ' 

For 5 > 0, 

(-l) d - ft C(g; ft|d; m, . . . , n h \a) = C(g; h\d; n%, . . . ,n h \l - a) 
f c g (EV(A))c g (E v ((a-l)A))c g (E v (-aA))A 2 "-^ 
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The above formulae for C(g; h\d; n\ 1 . . . , nh\a) are calculated in |KL| by localiza- 
tion techniques using the S 1 action g a . Actually, the definition of \(g ,h)(X \ L , p \ 
[3,^,p) is inspired by R. Bott's interpretation of the computations in [KLj . The 
localization formula, and in particular the proof of Coni ect ure 17 . 1 71 is left to future 
work. 

Finally, the assumption of the existence of an admissible S 1 action is too restric- 
tive. The 5* 1 action disappears when we perturb the almost complex structure J or 
the Lagrangian submanifold L, so the invariant is not even defined for other almost 
complex structures, and it is not clear in which sense X(g,h)(X, L, p | /3, 7, p) is an 
"invariant" . It is desirable to find a natural way to impose boundary conditions for 
the general case. 
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